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Abstract. We shall introduce the approximate representability and the Rohlin 
property for coactions of a finite dimensional C*-Hopf algebra on a unital 
C*-algebra and discuss some basic properties of approximately representable 
coactions and coactions with the Rohlin property of a finite dimensional C*- 
Hopf algebra on a unital C*-algebra. Also, we shall give an example of an 
approximately representable coaction of a finite dimensional C*-Hopf algebra 
on a simple unital C* -algebra which has also the Rohlin property and we shall 
give the 1-cohomology vanishing theorem for coactions of a finite dimensional 
C*-Hopf algebra on a unital C*-algebra and the 2-cohomology vanishing the- 
orem for twisted coactions of a finite dimensional C*-Hopf algebra on a unital 
C*-algebra. Furthermore, we shall introduce the notion of the approximately 
unitary equivalence of coactions of a finite dimensional C*-Hopf algebra H on 
a unital C7*-algebra A and show that if p and a, coactions of H on a separable 
unital C* -algebra A, which have the Rohlin property, are approximately uni- 
tarily equivalent, then there is an approximately inner automorphism a on A 
such that 

a = (a <gi id) o p o a^ 1 . 



1. Introduction 

Let A be a unital C*-algebra and H a finite dimensional C*-Hopf algebra with 
the comultiplication A. In this paper, we shall introduce the approximate rep- 
resentability and the Rohlin property for coactions of H on A and discuss some 
basic properties of approximately representable coactions and coactions with the 
Rohlin property of H on A. Also, we shall give an example of an approximately 
representable coaction of a finite dimensional C*-Hopf algebra on a simple unital 
C*-algebra which has also the Rohlin property and we shall give the following 1- 
cohomology vanishing theorem: Let p be a coaction of if on A with the Rohlin 
property. Let v be a unitary element in A £g) H with 

(v <g> l)(p ® id)(w) = (id ® A)(v) 

and let a be the coaction of H on A defined by a = Ad(w) o p. Then there is a 
unitary element iei such that 

a = Ad(x ® 1) o p o Ad(x*). 

Furthermore ,we shall give the following 2-cohomology vanishing theorem: Let (p, u) 
be a twisted coaction of H° on A with the Rohlin property. Then there is a unitary 
element x G A €5 H such that 

(x ®l)(p® id)(x)u(id (g) A)(x)* = 1 <E> 1 ® 1. 

Finally, we shall introduce the notion of the approximately unitary equivalence of 
coactions of H and show that if p and a, coactions of H on a separable unital C*- 
algebra A, which have the Rohlin property, are approximately unitarily equivalent, 
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then there is an approximately inner automorphism a on A such that 

a = (a (g id) o p o aT x . 

For an algebra X , we denote by lx and idx the unit element in X and the iden- 
tity map on X, respectively. If no confusion arises, we denote them by 1 and id, 
respectively. 

For projections p, q in a C*-algebra C, we write p ~ g in C if p is Murray-von 
Neumann equivalent to g in C. 

For each n € N, we denote by M„(C) the n x n- matrix algebra over C and I n 
denotes the unit element in M n (C). 

2. Preliminaries 

Let H be a finite dimensional C*-Hopf algebra. We denote its comultiplication, 
counit and antipode by A, e and S. We shall use Sweedler's notation A(h) — 
hm (g h(2) for any h £ H which suppresses a possible summation when we write 
the comultiplications. Wc denote by N the dimension of H . Let H° be the dual 
C*-Hopf algebra of H . We denote its comultiplication, counit and antipode by A , 
e° and S°. There is the distinguished projection e in H. We note that e is the Haar 
trace on H°. Also, there is the distinguished projection r in H° which is the Haar 
trace on H . 

Throughout this paper, H denotes a finite dimensional C*-Hopf algebra and 
H° its dual C*-Hopf algebra. Since H is finite dimensional, H = ®^ =l Md k (C) 
as C*-algebras. Let {vfj \ k — 1, 2, . . . , K, i,j = 1, 2, . . . , dfc} be a system of ma- 
trix units of H. Let {wf, \k — 1, 2, . . . , K 7 i, j = 1,2,..., dk} be a basis of H 
satisfying Szymanski and Pcligrad [TU1 Theorem 2.2,2]. We call it a system of co- 
matrix units of H. Also, let {<j>^- \ k = 1, 2, . . . , K, i,j = 1, 2, . . . , dk} and {ufj | k — 
1, 2, . . . , K, i,j = 1, 2, . . . , dk} be systems of matrix units and comatrix units of 
H°, respectively. Furthermore, let pfj be the trivial coaction of H on A defined by 
Ph(cl) = a® 1 for any a £ A. 

Following Masuda and Tomatsu [7], we shall define a twisted coaction of H on 
A and its exterior equivalence. 

Definition 2.1. Let p be a weak coaction of H on A and u a unitary element in 
A®H®H . The pair (p, u) is a twisted coaction of H on A if the following conditions 
hold: 

(1) (p (g) id) o p = Ad(tt) o (id ® A) o p, 

(2) (u (X) l)(id <g> A <g) id)(w) = (p ® id (g) id) (-u) (id (g) id ® A)(u), 

(3) (id ® (g) e)(u) = (id (g e (g) = 0(1)1 for any G i? . 

Definition 2.2. For i = 1,2, let (pi,Ui) be a twisted coaction of 7? on A. We say 
that (pi, u\) is exterior equivalent to (p2, W2) if there is a unitary element i> in A®H 
satisfying following conditions: 

(1) p 2 = Ad(v) o pi, 

(2) u 2 = (v <g l)(pi ® id)(u)ui(id (g A)(u*). 

By routine computations, (id ig e)(f) = 1 and the above equivalence is an equiv- 
alence one. We write (pi,u\) ~ (^2,^2) if (pi,ui) is exterior equivalent to ^2,1*2). 

Remark 2.1. Let (p, u) be a twisted coaction of H on A and v any unitary element 
111 A® H with (id ® e)(u) = 1. Let 

pi = Ad(t>) op, ui = (w (g l)(p (g id)(v)u(id <g A)(u*). 

Then (pi,ui) is a twisted coaction of H on ^4 by easy computations. 
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Let Hom(H°, A) be the linear space of all linear maps from H° to A. By Sweedler 
[91 pp. 69-70] it becomes a unital *-algebra which is also defined in [5J Sections 
2 and 3]. In the same way as [6j Sections 2 and 3], we define a unital *-algebra 
Hom(H° ®H , A). As mentioned in Blattner, Cohen and Montgomery pp. 163], 
there are an isomorphism i of A ® if onto Hom(iJ°, A) and an isomorphism j of 
A®H®H onto Hom(fi ® A) defined by 

«(a (g) = (f>(h)a, 

j(a®h® l)(cf), ip) = <t>(h)il>{l)a 

for any a £ A, h,l £ H and <j), %j) £ H°. For any x £ A® H, y £ A® H ® H, we 
denote i(x), j(y), by a;, y, respectively. 

For any weak coaction p of H on A, we can construct the weak action ■ p of if 
on A as follows: For any a £ A and <f> £ H° 

<f>- p a = i(p(a)) = p{a) 0) = (id ® (j>){p{a)). 

If no confusion arises, we denote ^ - p a by </) • a for any a £ A and cf> £ H . 
Furthermore, if (p, u) is a twisted coaction of H on A, u is a unitary cocycle for 
the above weak action induced by p. We call the pair of the weak action and the 
unitary cocycle u the twisted action of H° on A induced by (p, it). By 6, Section 
3], we can construct the twisted crossed product of A by H° which is denoted by 
A » p u H°. Let p be the dual coaction of p, which is defined by for any a £ A, 
<fi£H°, 

p(a -x p . u 4>) = (a x p , u (/>(!)) ® </>(2), 
where a x p , u <f> denotes the element in A x p _ u H° induced by a £ A and <f> £ H°. If 
no confusion arises, we denote it by a x <j). 

Let (p,u) be a twisted coaction of H on A and A x p ,„ H° the twisted crossed 
product induced by (p, u) . Let E% be the canonical conditional expectation from 
Ax pu H° onto A defined by E± [ax<f>) — <j>{e)a for any a £ A, 4> £ H°. We note that 
E{ is faithful by [BJ Lemma 3.14]. Also, let V be an element in Kom(H°, A x p ,„i7°) 
defined by t?(0) = 1 x <j> for any e fi . Let V be an element in (A x PiU if ) <8> if 
induced by V. By [51 Lemma 3.12], we can see that V and V are unitary elements 
in (A x PjU if ) ® 77 and Hom(if°,v4 x p u if ), respectively and that 

u = (V ® l)(p^' , " fl0 ® id )(^)( id ® A)(V*). 
Thus, for any 4>,ip £ H° 

(1) = % ( 1)TO(1^F*(^(2)), 

(2) U*(&^) = V(^(1)^(1))^*(V(2})V*(^(2)). 

Lemma 2.2. For?' = 1,2 /ei (pi,Ui) be a twisted coaction of H on A with (pi,ui) ~ 
(^25^2). iei F^ 1 fee i/ie canonical conditional expectation from A X Pi>Ui H° onto 
A for i — 1,2. TTien i/iere zs an isomorphism of A x pltUl if onto A x P2jll2 if 
satisfying that ^(a) = a /or any aei and E^ 1 — E^ 2 o where A is identified 
with A X Pi , Ui 1° f or i = 1,2. 

Proof. Since (pi, ui) ~ (p2, U2), there is a unitary element in v m A® H satisfying 
that 

p 2 =Ad(«)op 1 , u 2 = {v®l)(p 1 ®id){v)u 1 (id® A)(v*). 
Let <& be a map from A x pi jUl H° to A x P2iU2 if defined by $(a x pljUl 0) = 
av*((j)n\) x P2 , U2 0(2) f° r an y a £ A, (j) £ H°. Then by routine computations, $ is a 
homomorphism of Ax PlUl H° to Ax P2:U2 H° . Also, let W be a map from Ax P2:U2 H° 
to y4x pl , Ul 7i defined by for any a € A, cf) £ H°, \I/(a 

Xp 2: u 2 4 > ) — ar(0(i)) x p , ;1t| 0(2) • 
By routine computations, \& is also a homomorphism of A x P2i „ 2 if to A x pi ni H° 
and $ o = id and $ o $ = id. Therefore, we obtain the conclusion. □ 
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Let p be a coaction of H on A and A 9 the fixed point C*-subalgebra of A for p, 
that is, 



A p = {a £ A | p(a) = a ® 1}. 



Let i? p be the canonical conditional expectation from .A onto j4 p defined by E p (a) — 
t ' pd — (id® T)(p(a)) for any nei. We note that -E p is faithful by [101 Proposition 
2.12]. 

Definition 2.3. We say that p is saturated if the action of H° on A induced by p is 
saturated in the sense of [ID] . 

In Sections 4, 5 and 6 of [6], we suppose that the action of if on A is saturated. 
But, without saturation, all the statements in Sections 4 and 5 and Theorem 6.4 of 
[B] hold. Hence we obtain the following proposition. 

Proposition 2.3. Let p be a coaction of H on A such that p(l X r) ~ (1 X r) (§5 1° 

m (A x p if ) <g> T/ien f/iere are a twisted coaction (a, it) of H° on A p and an 
isomorphism tt of A p ~A a ^ u H onto A such that E° = E p o -n and pair = [tt (gi id) o a. 

Corollary 2.4. Let p be a coaction of H on A such that p(l x t) ~ (1 t) ® 1° 

in (A x p H°) (g) H°. Then p is saturated. 

Proof. Since the dual coaction of a twisted coaction is saturated, this is immediate 
by Proposition 12.31 □ 



In this section we shall show the duality theorem for a twisted coaction of H° 
on A. It has already proved, but we shall present it in a useful form in this paper. 

Let (p, u) be a twisted coaction of H° on A. Let A be the set of all triplets 
(i, j, fc), where i,j — 1,2, . . . ,dk and k = 1,2, ... ,K amd J2k=i ^1 ~ ^ ■ For an y 
I = (i,j, k) £ A, let Wi and Vj be elements in A xi PjU H XpH defined by 



3. Duality 




Vj = (1 x ? r)(Wj x ? l°). 



Lemma 3.1. With the above notations, 




Proof. Let I — (i, j,k) and J = (s,t,r) be any elements in A. Then 



VjVJ = (1 x ? r)(Wj x ? l°)(W; x ? l°)(l x ? t) 

= (1 x ? r)(W>Wj x ? 1°)(1 x ? t) = [r (1) ^tWj] XpT (2) r' 
= [t -pWjW}} x ? r = Bf(WjWj) x ? r, 
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where r' = r. Here, by 6 ( Lemma 3.3 (1)] and [TU1 Theorem 2.2] 

WlWj = (V^fc *p,u Wij)(Vdr >V« w r st )* 

= Vdkdr{l x p ,„ w^)(u(S(w r t2tl ),w r st2 )* x p ,„ w r t * t ) 
ti,t 2 

tl,t2 : jl,h,m 

E \fd k d r [w k j2l - p>u u(S(w r t2tl ),w r st2 )]*u(w^ 2jl ,w r t * m ) x P!U w k no w™ t 

*1,*2 ,31,32,™ 

E >/^[«(<is^( w U))2(<iSKt,),< ta )]* 

titete ,31 ,h ,33,m 

E v 7 dkd r u(w^S(w r t2t3 ) , < t2 (tw*3 ia , u£* tl )w(w) 2il , w" m ) 

ti,t 2 ,t 3 ,ji ,j 2 ,33,m 
Xp,u W k n] W™t 

*2,*3 J3 

Thus, by [101 Theorem 2.2] 

Wj= E V d k d r T(w k 3j Wt* t )u* (wf h w r t * t3 , w t r 2 J x ? r. 

If fc ^ r or j 7^ t, then VjVj = 0. We suppose that k = r and j = t. Then 

W = E^^K^W^) Xp T = < W i S ) *pT = S ls XpT, 
*2,*3 

where Si S is the Kronecker delta. Therefore by [101 Theorem 2.2], we obtain the 
conclusion. □ 

Let ^ be a map from Mm (A) to A x PjU H xipH defined by 
for any [au] £ Mm {A). Clearly *S> is a linear map. 

Proposition 3.2. The map ^ is an isomorphism of Mm {A) onto A x pu x^TJ . 
Proof. For any [a/, 7 ], [&/,/] G Mjv(A), 

*([o/j]*([6jj]) = E ^7(«/./ 1 *p l0 )(! Xp^)(&JL x PlU 1 *p 

7,J,L 

= E V?(l Xpr)( a/J 6 JL x p , u 1 Xp 1°)F L 

7,J,L 
J,J,L 

by Lemma T3. II For any [au] £ Mm (A), 
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Hence \& is a homomorphism of Mm (A) to A x pu H x p H°. Since p is saturated, 
for any z E A X PjU H x p H°, we can write that 

n 

z = ^2(xi Xp 1°)(1 XpT)(y l Xp 1°) 
»=l 

by |10[ Proposition 4.5], where x*, € v4 X p ,u H for i = 1, 2, . . . , n. Thus, in order 
to prove that ^> is surjective, it suffices to show that for any x, y G A x PjM H, there 
is an element [ajj] G M N (A) such that *([a/j]) = (x x^l°)(l X p r)(y xpl°). Since 
{(W/, Wj}) is a quasi-basis for E p by Proposition 3.18], 

x = J2 WfE%(W lX ) = W}(EZ(W IX ) x p , n 1), 
y = Y J E p 1 {yWr)W I = x p ,„ 

Hence 

(x x p 1°)(1 x P r)(y x P 1°) = ^(W;Sf(^x) x P l°)(l x p r)(E^ y W})Wj x ? 1°) 

= Z)(W/ x?l°)(l x p r)(E p 1 (W I x)E p 1 ( y W* J ) x p , n 1 x ? l°)(l x ? t)(Wj x ? l°) 
i, J 

= Y J V?{E p {W I x)E p {yW* J ) x p , n 1 *pl°)Vj 
i, j 

= ^{[E^W^E^yW^j). 

Next, we shall show that W is injective. We suppose that for an element [ajj] G 
M*(A), *([ojj]) - 0. Then Ei x p ,u 1 x ? l°)Vj = 0. Thus for any 

M, Le A, 

I, J 

by Lemma [5TTI Hence a ml = for any M, L G A. Therefore, \& is injective. □ 

Since ViVj = 1 x p r for any I G A by Lemma |3~TI the set {VjVi}i^a is a family 
of orthogonal projections in A x p )U H xp H°. Let P/ = VfVi for any Z G A. By 
Lemma 13.11 and Proposition 13.21 

i = *(i ® /at) = v i y i = J2 Pi > 

ieA ieA 

where In is the unit clement in Mjv(C). 

We recall that is a unitary element in Hom(iZ, A x pu H) defined by V(h) = 
1 x p u h for any h G 77. Let V be the unitary element in (A x pu 77) ® 77° induced 
by V. We regard A x PiU If as a C*-subalgebra A x P:U 77 x^l° of ^4 x P) „ 77 x p H°. 
Thus we regard as a unitary element in (A x p u 77 XpH°) <£> 77°. For any 7 G A, 
let 

Ui = (V/ ® l°)y?(Vr) G (i4 x p , u 77 x ? 77°) ® 77°. 

Then for any 7 G A, ?7jC/J = P/ (g> 1° and f/f J7j = p(p z ) since 

?(Ix ? t)=V*[{1x p t)®1°]V 

by [SI Proposition 3.19]. Let U = EzeA Then J7 is a unitary element in (Ax p . u 
77 xpH )® H° . Since (p,u) is a twisted coaction of 77° on A, (p® idM N (c)i u ® /iv) 
is also a twisted coaction of 77° on Mn(A). Then by easy computations, 

((*® id K o) o (p® id Mjv(c) ) o (*(giid H o (g) id H o)(u ® 7jv)) 
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is a twisted coaction of H° on A X P:U H x p H°, where we identify A ® Mjv(C) ® 
if <g> H° with A(g> H° (g> H° (g> M N (C). 

Theorem 3.3. Let A be a united C* -algebra and H a finite dimensional C*-Hopf 
algebra with its dual C*-Hopf algebra H . Let (p,u) be a twisted coaction of H° on 
A. Then there is an isomorphism $ of Mn(A) onto A x PtU H x p _ff° and a unitary 
element U € (A x PiU H x p H°) ® H° such that 

Ad(U) o f= ® id K o) o (p ® id Mjv( c)) o 

(f®id ff o ®idHo)(u®Xv) = (tf® l°)(p®id^o)(L0(id® A°)(CT). 

T/iat is, p is exterior equivalent to the twisted coaction 

((*®id K o)o 0®id Mjv(C )) o*" 1 , (*®id H c <g> id H o)(u <g> I N )). 

Proof. Let VP be the isomorphism of Miy(C) onto A» pu H ^pH defined in Propo- 
sition [3?2] and let U be a unitary element in (A xi p u H x^if ) ® H° defined above. 
Let [a/,/]/.j e A be any element in Mn(A). Then 

(Ad(U)o%(*([ aiJ })) = U$Q2v;(au x p , u 1 x p l°)Vj)U* 

i, j 

= J2(V?® l°)vf(l x ? t)% u x p , tt lx ? l°)?(l x ? t)V*(Vj®1°) 
i, j 

= X)(V?® *?r) ® l°]K((a« x p , u l x ? l )® 1°)V*[(1 x ? t)®1°](V>®1°) 

/,./ 

since p(l x p r) = V*[(l x p t) ® 1°]V by [6l Proposition 3.19], where we identify A 
with A x p ll 1 and A x pu 1 x^T . Hence 

(Ad([/)o^)(*([ a/J ])) = £(V? ® l>(ai./ x p ,„l x p l°)(Vj® 1°) 

z,j 

since p(a) = V(a® 1°)V* for any a g A by [BJ Lemma 3.12(1)]. On the other hand, 

((*®idffo) o 0®id))([a/j]) = ® id H o)([p(a w x p , u 1 x ? 1°]). 
Since p(ajj x p „ 1 x p 1°) e A ® we can write that 

p(au y> p .u 1 Xp- 1°) = ^2(bu t M p , u 1 x p 1°) ® 7j4 , 

where bjji £ A and <^>jj, € if for any /, J, i. Hence 

(* Oidjyo )([p(ojj x p , u 1 Xpl )]) = (* (8 id H o )(^(6jji x p ,„ 1 x^l°) ® </> 7Ji ) 

i 

= ^2(V T * ® l°)[(6/j< 1 x? 1°) ® 0/,/ 4 ](K/ ® 1°) 

= ^;®i>( a;j xp^ u i x p i°)(K/® i°). 

i 

Thus we obtain that 

Ad(U) o po * = (gi id H o) o (p® id Mjv(c) ). 
Next, we shall show that 

(f®id ff o ®id ff o)(u® /jv) = (C/<g)l )(p i ®id ff o)(C/)(id® A°)([T). 
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Since u <E A ® H° ® H°, we can write that u = ^ ■ ay ® 4>i® ipj, where ay € A 
and 0i, ipj € -ff for any z, j. Thus for any h,l E H 

(*®id H o ®id#o)(u® Jjvf(M) = ^F/(ay x p , n 1 x ? l°)Vi(pi(h)ipj(l) 

= EV?(«(M) x ft „i^iy,. 

On the other hand, by Lemma \3. II and [6l Proposition 3.19] 

{U ® ® id H o)(C/)(id ® A°)(fT) 

= E(V? ® i° ® i°)(v® ® i°)]E(ftvr) ® l °)(p® ^h°){V) 

i j 
x ((£® id) o p)(Vj)]E(id ® A°)(p(y£))(id ® A°)(V*)(Vb ® 1° ® 1°)] 

L 

= E^* l0 ^ V l0 )(?( 1 m p T ) l0 )(P ® idffo)(F) 

x ((id®A )ojS)(l x ? r)(id® A°)(y*)(y / ®i°® 1°) 
= E^* ® 10 ® *? T ) ® 10 ® l0 )( y ® ® idflo)(V) 
x (id® A°)(V*)((1 x p T)<g>l <g>l°)(V/<g>l°<g>l ) 

= EW 10 ® l0)(1/ l0 )(^® id ff o)(y)(id ® A )(l/*)(y/ ® 1° ® 1°). 
i 

Thus for any h,l E H, 

[(U ® l°)(p ® id ff0 )([/)(id ® A°)(f/*)]>, 

= E t 7[(F®l°)(?®id i? o)(y)(id® A°)(V*)r(M)Vr. 

Here for any h,l E H 

[{V ® 1°)(£® id ff o)(V)(id ® A°)(V*)]>, = V-(/»(l))[/»(2) -^(l))]^^)) 

= ^(V))[ /l (2) -(1 x„,«l(D ^pl°)]V^(^(3)i(a)) 
= %i))(l x P ,„i (1) xpl )^^)^)) 

= y(/ l(1) )ya (1) )f 5 (/ l(2) ; (2) ) = ^,o 

by Lemma 3.12]. Thus 

(V ® 1°)(/J® idflo)(V)(id ® A°)(V r *) = u. 

Therefore 

(*®id H o ®id ff o)(u® ijv) = ({7® l )(^®idHo)({7)(id® A°)(f7*). 

□ 

4. Approximately representable coactions 
For a unital C*-algebra A, we set 

co (A) = {(a„) e Z°°(N, A) | hm ||a n || = 0}, 
A°° = l°°(N,A)/co(A). 
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We denote an element in A°° by the same symbol (a n ) in i°°(N, A). We identify 
A with the C*-subalgebra of A°° consisting of the equivalence classes of constant 
sequences and set 

Aoo = A°° n A'. 

For a weak coaction of H° on A, let p°° be the weak coaction of H° on ^4°° defined 
by p°°((a n )) — (p(a n )) for any (a n ) £ A°° . Hence for a twisted coaction (p,u) of 
H° on A, we can define the twisted coaction (p°°,u) of H° on A°° . We have the 
following easy lemmas. 

Lemma 4.1. Lei (p,u) be a twisted coaction of H° on A and (p°°,u) the twisted 
coaction of H° on A°° induced by (p,u). Then 

A°° „ # = (A x Pi „ I/) 00 

as C* -algebras. 

Proof. Let $ be a map from ^4°° x p oo )U If to (A ~x p . u H)°° defined by $((s n ) x h) = 
(a n x h) for any (a„) £ A°° and h E H . For any (a n ), (b n ) £ A°° with (a n ) = (b n ) 
in A 00 , 

\\a n xh—b n xh\\< \\a n - b n \\\\h\\ -> (n -> 00). 

Hence $ is well-defined. Also, clearly 4> is linear. For x £ A°° x p ^ )U i? , we suppose 
that $(ar) = 0. Then we can write that x = * where x„i £ ^4 and 

{hi} is a basis of H such that r(hihj) — and <5y is the Kronccker delta. Since 
$(x) = 0, || a »w ^p.m /ii|| — > as n — > 00. Hence 

IKyjOni Xp,« hi)(/l°nj >V« ^0 («■ -> 00). 

* j 

Also, by the proof of [6j Lemma 3.14] 

i j i 

Thus m^i^ni^nill -> as n 4 00. Hence for any i, x n i — > as n — > 0. That 
is, x = Q. Thus $ is injective. For any x G (A x pu H)°°, we write x = (x„), 
x « = Ei,j, fe ^m, x where € A. Then y = Y^i,j, k ( x nij) * w ij is an element 
in ^4°° Xpoo n and <&(?/) = x. Hence $ is surjective. Furthermore, by routine 
computations, we see that 4> is a homomorphism of ^4°° x p =» |U H to (A x p , M H)°°. 
Therefore, we obtain the conclusion. □ 

By the isomorphism defined in the above lemma, we identify A°° x p =c u H with 
(A x P: „ H)°°. Thus (p°°) = We denote them by p°° . 

Lemma 4.2. Let p be a coaction of H° on A and p°° the coaction of H° on A°° 
induced by p. Then (A°°) p °° = (AP)°°. 

Proof. It is clear that (A p )°° C (A co ) p °° . We shall show that (A?) 00 D (A°°) pX . 
Let E p and {E) p be the canonical conditional expectations from A and A°° onto 
A p and (A 00 )^ , respectively. Then (A°°) p00 = (^^(A 00 ) and A p = E P {A). Let 
(a„) n e (A 00 )'' 00 . We note that 

(a„)„ = (£T) p00 ((a n )„) = e v » (a„)„ = (id ® e)(p°°((a„)„)) = (id ® e)((p(o„))„) 
= ((id® e)(p(a„)))„ = (£ p (a n ))„. 

Hence ||-E p (a„) — a„|| — > (n — >• 00). Let b n = E p (a n ) for any n £ N. Since 

&„ € A p , (&„) € {A p T. Then ||&„ - a„|| = ||£ p (a n ) - a„|| -> (n -> 00). Thus 

(fe n ) = (a«) in (A p )°°. Therefore, (a„) € (A p )°°. □ 
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Since (A° ) p °° = (Ap)°° by the above lemma, we can identify with (EP)°° 

the conditional expectation from A°° onto (j4 p )°°. We denote them by E p . 

Definition 4.1. Let (p,u) be a twisted coaction of H on A. We say that (p,u) is 
approximately representable if there is a unitary element w £ A°° ® H satisfying 
the following conditions: 

(1) p{a) = (Ad(to) o pjj){a) for any a £ A, 

(2) u = (to ® 1)(ph°° id)(w)(id (g> A)(to*), 

(3) u = {p°° ® id)(w)(w ® l)(id <8> A) (to*). 

Lemma 4.3. -For i = 1,2, let (puiii) be a twisted coaction of H on A. We sup- 
pose that is exterior equivalent to (p2,U2). Then (pi,u±) is approximately 
representable if and only if(p2,U2) is approximately representable. 

Proof. Since (pi, ui) and (p2, U2) are exterior equivalent, there is a unitary element 
v £ A®H satisfying Conditions (1), (2) in Definition l2.2l We suppose that (p\,u\) 
is approximately representable. Then there is a unitary element ui\ £ A°° ® H 
satisfying Conditions (l)-(3) in Definition 14.11 for (p\,u\). Let W2 = vw\. Then 
by routine computations, we can see that W2 is a unitary clement in A°° ® H 
satisfying Conditions (l)-(3) in Definition 14 . 1 1 for (p2,v>2)- Therefore, we obtain the 
conclusion. □ 

Lemma 4.4. Let (p,u) be a twisted coaction of H on A and let (p ® id,u <X> I n ) 
be the twisted coaction of H on A® M„(C) induced by (p,u), where we identify 
A ® M„(C) $5 H with A® H (g> M„(C). Then (p, u) is approximately representable 
if and only if (p ® id, u® I n ) is approximately representable. 

Proof. We suppose that (p, u) is approximately representable. Then there is a 
unitary element to £ A°° ® H satisfying Conditions (l)-(3) in Definition 14.11 for 
(p,u). Let W — w ® I n . By routine computations, we can see that W satisfies 
Conditions (l)-(3) in Definition 14.11 for (p ® id,u ® I n ). Next, we suppose that 
(p ®id 1 u® I n ) is approximately representable. Then there is a unitary element 
W £ A®M n (C)®H satisfying Conditions (l)-(3) in DefinitionETTIfor (p®id, u®I n ). 
Let / be a minimal projection in M n (C) and let p — 1a® f ®1h- Let w — poWpo. 
Since p ® id M „(c) = Ad(W) o p ^® M "( c ) on A® M n (C), Wp = p W. By routine 
computations and identifying A® M n (C)® H with A®H®M n (C), we can see that 
the element to satisfies Conditions (l)-(3) in Definition 0TT] for (p, u). Therefore, we 
obtain the conclusion. □ 

Proposition 4.5. Let (p,u) be a twisted coaction of H on A. Then (p,u) is 
approximately representable if and only if so is p. 

Proof. This is immediate by Theorem 13.31 and Lemmas 14.31 14.41 □ 

In the rest of this section, we shall show that the approximate representability of 
coactions of finite dimensional C*-Hopf algebras is an extension of the approximate 
representability of actions of finite groups in the sense of Izumi [4, Remark 3.7]. 

Let G be a finite group with the order n and a an action of G on A. We consider 
the coaction of C(G) on A induced by the action a of G on A. We denote it by the 
same symbol a. That is, 

a: A — >A®C(G), a — >■ y^q t (q) ® 6 t 

tec 

for any a £ A, where for any t £ G, St is a projection in C(G) defined by 
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Proposition 4.6. With the above notations, the following conditions are equiva- 
lent: 

(1) the action a of G on A is approximately representable. 

(2) the coaction a of C(G) on A is approximately representable. 

Proof. We suppose Condition (1). Then there is a unitary representation u of G in 
A°° such that 

at(a) = u(t)au(t)* a € A, t € G, 

a t °°(u(s)) = u(ist _1 ) s,t € G, 

where a°° is the automorphism of ^4°° induced by a. Let w be a unitary element 
in A°° ® G(G) defined by w = SteG W W ® Since w is a unitary representation 
of G in we obtain Condition (2) in Definition 14.11 for the coaction a. Also, 
by the above two conditions, we obtain Conditions (1) and (3) in Definition 14. II for 
the coaction a. Next we suppose Condition (2). Then there is a unitary element 
w € A °° (g) G(G) satisfying Condition (l)-(3) in Definition 14.11 for the coaction a. 
We can regard ^4°° ® G(G) as the G*-algebra of all 74°°-valued functions on G. 
Hence there is the function from G to ^4°° corresponding to w. We denote it by u. 
Since w is a unitary element in ^4°° ® G(G), u(t) is a unitary element in A °° for 
any t G G. By easy computations, Condition (2) in Definition 14.11 for the coaction 
a implies that u is a unitary representation of G in A°° . Also, Conditions (1) and 

(3) in Definition 14. II for the coaction a imply that 

at(a) = u(t)au(t)* a € j4, f € G, 
a?°(u(*)) = u(tst _1 ) s,i6G. 
Therefore, we obtain the conclusion. □ 



5. COACTIONS WITH THE ROHLIN PROPERTY 

In this section, we shall introduce the Rohlin property for coactions of a finite 
dimensional G*-Hopf algebra on a unital C*-algebra. 

Definition 5.1. Let (p,u) be a twisted coaction of H° on A. We say that (p,u) 
has the Rohlin property if the dual coaction p of H on A x p „ H is approximately 
representable. 

First, we shall begin with the following easy propositions. 

Proposition 5.1. Let p be a coaction of H° on A with the Rohlin property. Then 
p is saturated. 

Proof. This is immediate by Corollary 12.41 □ 

Proposition 5.2. Let (p,u) be a twisted coaction of H on A. Then (p,u) has the 
Rohlin property if and only if so does p. 

Proof. This is immediate by Proposition ^. 51 □ 

Let (p, u) be a twisted coaction of H° on A with the Rohlin property. Then 
there is a unitary element w € (A°° X p °o )U H) ® H satisfying that 
(5, 1) p{x) = (Ad(io) o PH y ' p,uH ){x) for any x e A X PtU H, 
(5, 2) (rt l)04°° x ' , ~ , ' if ®idtf)H = (id A oo>, pOC „ H ®A)H 
(5, 3) (2°°®idtf )(«/)(«> ®1) = (id A oo>, pOC uff ® A)(w). 

Let w be the element in Hom(i/ ,v4°° x p =e iU iJ) induced by w. 
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Lemma 5.3. With the above notations, w is a homomorphism of H° to (A°° » p ^>. u 
H) H A' satisfying the following conditions: 

(1) £5(1°) = 

(2) the element w(t) is a projection in A^, 

(3) w(t)xw(t) = E^(x)w{t) for any x € A x p M H . 

Proof. By Equation (5, 2), w € A\g(H°,A°° x p == if). Furthermore, by [21 Lemma 
1.16], w* = Qo S°. Thus for any € F°, w(</>)* = w*(S°(<t>*)) = w(<j>*). Hence w 
is a homomorphism of H° to x p oo ff. Next we shall show that w((f>)(a x 1) = 
(a x l)w((f>) for any a E A. By Equation (5, 1), for any a E A, 

(a X 1) ® 1 = u>[(a x 1) <g> l]to*. 

Thus [(a x 1) (g) l]u; = w[(a x 1) ® 1]. Hence for any 4> € i/° 

(a x l)w(</>) = w((j>)(a x 1). 

Hence ui is a homomorphism of H° to (A 00 x p oo „ H) n A'. Also, by Equation (5, 
2), 

= {id A oa Xpao uII (g) e ® id ff )((id j4 - x p oc.„h <g A) («;)). 

Thus [(idA°°x p oo „i? ® e)(u>) ® 1]«7 = w. Since it; is a unitary element in (A°° x p oo„ 
H) ® H, (id A °°>d„oc u h ® — Ij that is, — 1. Furthermore, since t is 

a projection in H° and w is a homomorphism of H° to x p oo ff, w(r) is a 
projection. Also, by Equation (5, 3), for any <fi 6 if 

tf(r) = u?(0 (1) r)fir(0 ( a)) = w(t)w*(<P) = {5(t)«?(S° (#)*)* = ^(rJtJ?^^)) 
= e°(0)i£?(r). 

Hence by [5} Lemma 3.17], w(t) € ^4°° fl A' = Ac*,. Finally, we shall show that 
w(t)xw{t) — Ei(x)w(t) for any x E A x p u ii. For any a E A, h E H , p(a x h) = 
w[(a x ft) <g> l]w*. Thus 

(a x h(i))r(/i( 2 )) = w(r (1) )(a x h)w*(T i2) ). 

That is, r(ft)(ot x 1) = u5(r(i))(a x K)w*{t( 2 )). Since 2£f(a x ft) = r(ft)(a x 1) and 
w* = u; o g , 

-Ef(a x h)w(r) = r(ft)(a x l)w(r) = u5(r( 1 ))(a x ft)w* (t( 2 ))w(t) 
= uJ(r(i))(a x ft){t;(r)e cl (T(2)) = w(r)(o x fi)w(r). 
Thus we obtain the last condition. □ 

Proposition 5.4. Fori = 1,2, Zei (pi,ttj) fee a twisted coaction of H° on A with 
(fii,U\) ~ (^2,1*2). XTien /ias i/ie Rohlin property if and only if so does 

(P2,u 2 ). 

Proof. Since (pi,u{) ~ (^2,^2), there is a unitary element u 6 4® if satisfying 
that 

p 2 = Ad(u) o Pl u 2 = (v® l°)(pi ® id)(u)ui(id® A°)(v*). 
Then there is an isomorphism $ of A Xp^m H onto A x P2 ,„ 2 fi defined by 
$0 Xpi^! ft) = au*(ft (1 )) x P2 ,„ 2 ft( 2 ). 

By easy computations, we can see that the following conditions hold: 

(1) p 2 o $ = ($ ® idff) o pi, 

(2) p ^«-» ff o $ = ($ ® id ff ) o 

(3) (id A><p2iU2ff <8> A) o ($ ® id H ) = ($ (g) id H ® id H ) o (id^^^ ^n ® A) 
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Let <J>°° be the isomorphism of ^4°° X* piilll H onto A°° x P2i „ 2 H induced by $. 
We suppose that (pi,m) has the Rohlin property and let w\ be a unitary element 
in {A x pijlll H) ® H satisfying Equations (5, l)-(5, 3) for the coaction p\. Let 
w 2 = ($°°<g)id#)(u>i). By Conditions (l)-(3), we can see that w 2 satisfies Equations 
(5, l)-(5, 3) for the coaction p~2- Therefore we obtain the conclusion. □ 



Lemma 5.5. For i — 1,2, let (pi,Ui) be a twisted coaction of H on A with 
(pi,Ui) ~ (p2,U2). We suppose that (pj,itj) has the Rohlin property for i = 1,2. 
Let Wi be as in the above proof for i = 1,2. Then w\(t) = W2~(t). 

Proof. Let w\ = J2ij( a ij ^pi.mi hi) ® (j? where ay € Then 
w 2 = ^(a l:) w*(/i l(1) ) x p2 , U2 /i i(2) ) ® /j, 

where v is a unitary element in A ® defined in the above proof. Thus 

= $(E( a « *Wi kM*i)) = $ (^( r ))> 

where $ is the isomorphism of A x pXjUl H onto A x P2i „ 2 H defined in the above 
proof. On the other hand, since wI(t) € A x c A 00 by Lemma [5731 u>2(t) = 
$(25i(t)) = Cwi(r). □ 



Let (p, u) be a twisted coaction of iJ on A with the Rohlin property. Let w be 
a unitary element in (A°° x p =o jU iJ) ® i? satisfying Equations (5, l)-(5, 3) for p. 

Lemma 5.6. With the above notations, e ■ w(t) = A. 

Proof. We note that jo(l x /i) = it>[(l x /i) ® 1] w* for any h £ H. Since w* = wo S°, 
we see that for any /i G -ff, (1 /i)w(S°(t)) = w(5 (t( 1 )))(1 x /i(i))t( 2 ) (/i( 2 ))- Hence 
for any h€H, V(h)w(r) = w(S (T {1) ))V{h (1) )r {2) (h (2) ). Then 

e • <5(r) = f t w « ' ^ T )l = E x l)t^(^) 

= E |^ (r (1) ))(lx<)(lx<.rr (2) «,) 

= E |-( 5 °(-(d))-( 2 )Ku)( 1 >< <) wHU).<r >< 

since iu^* = S(wj i ) for any fc by [TUJ Theorem 2.2 2]. Since e • w(r) e 
£f (e • w(t)) = e ■ w(t). Thus since r(io^iu^) = -^S kr S is S jt by [TUl Theorem 2.2, 
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2]- 

e . w( T ) = ^(S°(t {1) ))t {2) (w^)[w ih ■ u(S(w^ j3 ), w%J] 

= E w^ok, • «(s« i8 ). «&)]*««.. «&)• 

Furthermore by [5J Lemma 3.3(1)], 

e-tf(r)= J] i^(5°(r (1) ))T (2) (^.)(^i 4 t^(<- 3 )) 

x S(u>&S(u>£ p ), w? ia ))*«(tw^, «&) 

E ^(5°(r (1) ))r (2) (^)^(5Kt)<r^K*)) 

E ^(5 (T (1) ))r (2 )(^)^(^«-J,<i) 

i,3,k,j 2 ,j 3 ,j4,s,t,r 

= E^( s °( r (i)))^)(^)^)- 

Since e = £) ife and e(iu|) = % for any fc by [TQl Theorem 2.2, 2], 

3>fc 

by Lemma |5.3f 1). Therefore, we obtain the conclusion. □ 

By Lemmas I5.3f 2) and 15.61 we can can see that if p is a coaction of H° on A 
with the Rohlin property, then there is a projection p G Aoo such that e ■ p = j*. 
We shall show the inverse direction with the assumption that p is saturated. Let p 
be a saturated coaction of H° on A. We suppose that there is a projection p G Aoo 
such that e • p = -h. 

Lemma 5.7. With the above notations and assumptions, for any x G A X H , 
(p x l)x(p xl) = E^(x)(p x 1). 

Proof. Let q — N(p x 1)(1 xi e)(p xi 1). Then q is a projection in A 00 x p =o H . Indeed, 
q* = q. Also, q 2 — N 2 (p K l)([e-p] X e)(p xi 1) = q by the assumption. Furthermore, 
(q) = p = (jjx 1). Since q < p and E{ is faithful, we obtain that p = q. 
That is, p = N(p Xi 1)(1 x e)(p x 1). For any a,b <E A, 

(p x l)(a x 1)(1 x e)(6 x l)(p x 1) = (a x l)(p x 1)(1 x e)(p x 1)(6 x 1) 

= -^(ab x l)(p x 1). 

Since p is saturated, A(l x e)A = A x p H . Hence we obtain the conclusion. □ 
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By Watatani (TTJ Proposition 2.2.7 and Lemma 2.2.9] and Lemma [5.71 we can 
see that there is a homomorphism ir of A x p H xpH° to A 00 x pOC H such that 

7r((x x 1°)(1a x 1h x r)(y x 1°)) = x(p x l)y 

for any x, y G A x p H . The restriction ofTrtol^^x H is a homomorphism of 
H° to A°° Xpoc iJ. Thus there is an element w € x p oo 77) (g> if such that w is 
the above restriction of ir to H°. Let be a quasi-basis of -Ef . 

Lemma 5.8. With the above notations and assumptions, for any <j> € H° , w(<j>) = 
Ej[</> 'pUj](p x 

Proof. We note that r • x = E±(x) for any x £ A~A p H. Since x * 

r)(«J x 1°) = 1, 

1x0 = ^(1 x <j>)( Ui x 1°)(1 x r)« x 1°) = ^([^i) • m] x (2) r)« x 1°) 

i i 

= ^([0-u l ]xl°)(lxr)«xl°). 

i 

Hence we obtain the conclusion by the definition of w. □ 
Lemma 5.9. With the above notations, w(l ) — 1a- 

Proof. By [6l Proposition 3.18], {((Vdk x «;&)*, \fd^ x w^)} is a quasi-basis of E{. 
Hence by Lemma ISTgl 

«J(1°) = ]T d fc (l x u#)(p x 4) = £ d fc [«# • p] x «■ 

= [«>«•?] >< = ^«.p] x e(u4) 

= -p] xl = W[e.p] = l. 

□ 



Lemma 5.10. Wii/i i/ie above notations, the element w is a unitary element in 
(A°° x p =o if) (gi satisfying Equations (5, 1) — (5,3). 

Proof. Since i is a homomorphism of H° to A°° x p oo H, the element u) satisfies 
Equation (5, 2). Also, for any <f) € i?° 

(w*)(0) = £(0 (1) ){5(S O (0 (2) )*)* = w(0 (1) S°(0 (2) )) = e°^)w(l°) = e°(cf>) 

by Lemma 15.91 Similarly (w*w)(<p) — e ((f)). Hence w is a unitary element in 
(A°° x p =o if) <g) if. Let {(uj,u*)} be a quasi-basis of By Lemmas 15.71 and [5^1 
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for any tf>, i/j € H°, 

[<l>(i) -p w{ip)]w{^2)) = £[<£(!) ' ([^ ' u J'Kp * l)«i)][<£(2) ' «i](p xi 1)< 



£[* 


























■(W> 








■(bP 



^■ Uj }E^ Ui )(pxl))]u* 



V> ■ Ui](p xi 1))]< = £[(<£V0 ' U »'](P x !)< = 

i i 

Thus the element w satisfies Equation (5, 3). Finally, for any a £ A, h € H and 

</>e H°, 

w(4) (1) ){a x h)w*((f>(2)) = £[0(i) ' u N p * l ) u *j( a * h )[S tt {<t>(2)) ■ Ui](p x l)u* 
= • Uj]Sf(uJ(a ^ ^)[S°(0(2)) • «<])(p x 1)< 

= • ((a x h)[S°(4>0)) ■ Ui})](p x IK* 

i 

= ^(a x h {l) )4> {1) {h {2) )[(t> (2) ■ [S°(</>(3)) ■ Ui]]{p x 1)< 

i 

= ^(a x h (1) )(j){h (2) )u l {p x l)w* 

= (a x /i (1) )^(/i( 2 )){t?(l°) = (a x h {1) )<j){h {2) ) 

by Lemmas 15.81 and 15.91 Hence w satisfies Equation (5, 1). Therefore we obtain 
the conclusion. □ 

Theorem 5.11. Let p be a coaction of a finite dimensional C* -Hopf algebra H on a 
unital C* -algebra A. If p is saturated, then the following conditions are equivalent: 

(1) the coaction p has the Rohlin property, 

(2) there is a projection p in Aoo such that e - p oo p = where N = dimi?. 
Proof. This is immediate by Lemmas 15.61 and 15.101 



□ 



In the rest of this section, we shall show that the Rohlin property of coactions 
of a finite dimensional C*-Hopf algebra is an extension of the Rohlin property of a 
finite group in the sense of [H Remark 3.7]. Let G and a be as in the end of Section 
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Proposition 5.12. With the above notations, the following conditions are equiva- 
lent: 

(1) the action a of G on A has the Rohlin property, 

(2) the coaction a of C{G) on A has the Rohlin property. 

Proof. We suppose Condition (1). Then there is a partition of unity {et}t£G con- 
sisting of projections in Aoo satisfying that a^°(e s ) = et s for any t,s € G. By easy 
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computations, e e is a projection in such that t • e e = — , where r is the Haar 
trace on C(G). Since the coaction a of C(G) on A is saturated, by Theorem 15. Ill 
the coaction a has the Rohlin property. Next, we suppose Condition (2). Then 
there is a projection p £ A^ such that r • p = — by Theorem 15. Ill Hence 

(id®T)(5>r»®^) = -. 

* — ' n 

tec 

Thus, we see that J2teG a t°(p) = 1 by the definition of r. Let e t = &t°{p) f° r an y 
t € G. Then clearly, {et}t g <3 is a partition of unity consisting of projections in Aoo 
satisfying that a^°(e s ) = &ts- O 

6. Another equivalent condition 

In this section, we shall give another condition which is equivalent to the Rohlin 
property. 

Let (p, u) be a twisted coaction of H° on A. We suppose that (p, u) has the Rohlin 
property. Then there is a unitary element w g (A°° x p oo u H) <g> H satisfying Equa- 
tions (5, l)-(5, 3) for (p, u). Let w be the unitary element in Hom(i?°, A°° x p a° tU H) 
induced by w £ (A xi p °o „ H) ® H . By Lemma [5731 w(t) is a projection in A^. By 
Theorem 13.31 there are an isomorphism "J of Mn(A) onto A X P)U if x^H° and a 
unitary element U in (A yi P}U H x p H°) ® ff° such that 

Ad(t7) o j? = ® id H o) o (p ® id Mjv(c) ) o *- x , 

(*®id H o ®idflo)(u®Ziyr) = (C/ ® ® id ff o)(£7)(id ® A ) (17*). 

Let cr = id) o (p®id Mw ( C) ) o vp -1 and = id H o ® idjjo)^ ® Jjv). Then 
(cr, W) is a twisted coaction of H° on Ax pu H x^H° which is exterior equivalent to 
p. Let ^ be the isomorphism of Mn(A) x* p ®i<i t u®i N H onto Ax p ^ u H xpH x aW H 
induced by which is defined by ty(x >i p <did,u®i N h) = ^(x) x at w h for any 
x £ Mjv(A), h £ H. Let 'J 00 be the isomorphism of M/v(A°°) Xp°o®id jU ®j w H onto 
A°° xipoc , u H x p oc if xi CT oojy induced by ^P. By easy computations, (cr, W) has 
the Rohlin property and the unitary element (^°° ® id#)(w ® Ijv) is in (A x p ,„ 
H >tpH yi a ,W H) (£> H and satisfies Equations (5, l)-(5, 3) for the twisted coaction 
(cr, W). Let z = ($°° ® id H )(iy ® Ijv). Then 

z(t) = ((id Or) o ($°° ®idjr))(u;®/jv) = $°°((id ® r)(iw <g> 

= $°°(w(t) <g> Jw) = *°°(w(r) <g> I N ). 

Lemma 6.1. With the above notations and assumptions, 

^2(Vdk Xp,u wf i )*w(r)( v /f4 x P: „ Wij) = 1. 

Proof. By Proposition [521 P has the Rohlin property. Let Zi be a unitary element 
in (A x p! . u H xip H° H) <S> H satisfying Equations (5, l)-(5, 3) for p. Then by 
Lemmas 15.51 and f5T6l e-^£i(r) — e -~z{t) = jj. Since z{t) = ^°°(w(t) ® Jjv), 

i = e -*°°(£(r) ® Jjv) = ^[e -F/^t) x p .„ 1 x p l a )Vj}. 

i 

Since Vj = (1 Xpr)(Wj x ? l°), 

1 =^(^;x p l°)(lx p r (1) )r (2) (e (1) )({?(r)x p! Ux p l )(lx^ 1) ^ 
i 
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where r' = r. Furthermore, 

= x? *p,u 1 «?r (1)7 f 1) )(W> x ? l°)(r (2) T ( ' 2) )(e) 

= J2(Wf X ? 1°)(w(t) x p , u 1 X?1°)(W> x ? l°)(rr')(e) 

= x? */>,» 1 Xpl°)(^i Xp 1°) 

J 

Therefore we obtain the conclusion. □ 

Next, we shall show the inverse direction of Lemma 16. II 

Lemma 6.2. Let (p,u) be a twisted coaction of H° on A. We suppose that there 
is a projection p € such that 

^(v^dfe Xp :M wfj)*(p x PiU l)(\/<4 Xp,« Wy) = 1- 
TTien (p, w) /ias i/ie Rohlin property. 

Proof. Le ^ be the isomorphism of Mjv(A) onto A x Pjtl ff xipH defined in Theorem 
13.31 Let q = In). Then g is a projection in (A x Pitl i7 Xp iJ°)oo since 

p® In & Mn{A)oo. In the same way as in the proof of Lemma ItTTl 

ejq = e -^"(p® J w ) = 1 £ «7(p Xp, M = ^ 

Hence by Theorem 15.111 p has the Rohlin property since p is saturated by Jeong 
and Park [5j Theorem 3.3] and [6l Proposition 3.18]. Therefore (p, u) has the Rohlin 
property by Proposition 15.41 □ 

Theorem 6.3. Let (p,u) be a twisted coaction of a finite dimensional C*-Hopf 
algebra H° on a unital C* -algebra A. Let {w^A be a system of comatrix units of 
H . Then the following conditions are equivalent: 

(1) the twisted coaction (/?, u) has the Rohlin property, 

(2) there is a projection p G A^ such thatY^ij,k(v^ x p^ w ij)*P(v^™p,u w ij) = 1 - 
Proof. This is immediate by Lemmas 16.11 and 16.21 □ 

Corollary 6.4. Let p be a coaction of H on A. Then the following conditions are 
equivalent: 

(1) the coaction p has the Rohlin property, 

(2) there is a projection p 6 A^ such that e - p oo p = jr. 

Proof. (1) implies (2): This is immediate by Lemma 15.61 

(2) implies (1): By Theorem 16. 3[ it suffices to show that (2) implies that 

5^(Vdk Xp W%)*p{^fd~ k Xp w%) = 1. 
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Since p is a coaction of H° on A, 

53(^4 >v w^y-pi^h x p u>&.) = I] 4(i x P «#>(i ><p 

= J] 4(1 * P S(^))p(l x p 4) = ^ViSiw^pV^Siw^)) 

i,j,k i,3ik 

Therefore we obtain the conclusion. □ 



7. Example 

In this section, we shall give an example of an approximately representable coac- 
tion of a finite dimensional C*-Hopf algebra on a UHF-algebra which has also the 
Rohlin property. 

We note that the comultiplication A of H can be regarded as a coaction of H 
on a C*-algebra H°. Hence we can consider the crossed product H° xi A o iJ, which 
is isomorphic to Mjv(C). Let A = H° xi A o H . Let A n = <E>iA, the n- times tensor 
product of A, for any n e N. In the usual way, we regard A n as a C*-subalgebra 
of A n+ \, that is, for any a e A n , the map i n : a h-> a® (1° xi A ° 1) is regarded as the 
inclusion of A„ into A n +i- Let f? be the inductive limit C*-algebra of {{A n ,i n }. 
Then B can be regarded as a UHF-algebra of type N°°. Let F be a unitary element 
in Hom(iJ, A) defined by V(h) = 1° x A o h for any h e H and let U be the unitary 
element in A<E)H° induced by V. Recall that {vfj} and {w^} are systems of matrix 
units and comatrix units of H, respectively. Also, let {(f>ij} and {^fj} be systems 
of matrix units and comatrix units of H°, respectively. Let 

«1 = V = 5^(1° X A o W%) ® 4>% = 2(1° *A° ® W&- 

For any n e N with n > 2, let 

!)„ = (1° XI A o 1) ® • • • ® (1° X A ° 1) ® V - 

= E( l0 x ) • • • ® ( l0 * a ° x ) ^H?-) ^ 

= ^(1° XI A o 1) ® • • • ® (1° Xi A o 1) <g> V'(U^) <g> 

Let u„ = viv 2 ■ ■ ■ v n G A n ® H° for any n e N. Then ti„ is a unitary element in 
A„, ® if for any n e N. 

Lemma 7.1. i/ie a&cwe notations, 

= E ^ ) ® ) ® • • • ® ) ® 

wftere f/ie a&cwe summations are taken under all indices. 

Proof. It is clear that the second equation holds. We show the first equation by 
the induction. We assume that 

U n = ViwtjJ ® n< 32 ) ® • • • ® ^K„-u) ® 4' 
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where the summation is taken under all indices. Then 

«„+i = u n v n+1 = ^ V{w k in )® V{w k J1]2 ) ® ••• ® V(w^ n _ d ) ® y« t ) ® 0^ 

where the summations are taken under all indices. Therefore, we obtain the con- 
clusion. □ 

For any n G N, let p n = Ad(tt n ) o p^fi, that is, for any a £ A n , 

p n (a) = u n (a ® 

Lemma 7.2. With the above notations, p n is a coaction of H on A n . 
Proof. We have only to show that 

(u„® l°)(pH n o ®id)(u n ) = (id® A°)0„). 
By Lemma 17.11 we can write that 

u n = E v(v% h ) ® 2 ) ® • • • ® y «»„ ) ® • • • w £ Jb , 

where the summation is taken under all indices. Hence 

Un®l° = J2 V( V th ) ® * • • ® ) ® ^ ' ' ' W fe„ ® 

(p& ® id)K) = ^ Vfyfoj ® • •• ® tfyfoj ® 1° ® ■ ■ ■ w& n> 

where the summations are taken under all indices. Thus since V is a C*-homomorphism 
of i? to A, 

(w n ® ®id)(«„) 

= E ) i> « 1 * 1 ) ® • • • ® ) ® 4a • • • ® < x tl • • • 

= E V( v htx )»•••» V(v*x ) ® w£ h ■ ■ ■ w f; in ® a£ ti • • • <4; tn 
= (id® A°)«>, 

where the summations are taken under all indices. Therefore we obtain the conclu- 
sion. □ 

Lemma 7.3. With the above notations, (i n ® id) o p n = p n +i o i n for any n £ N. 

Proof. In this proof, the summations are taken under all indices. Let a be any 
element in A n . Then by Lemma l7.ll 

p n (a) = u n (a ® l°)u* 

= £(^«J ® ••• ® ^K-ull^KJ* ® ••• ® ^«_ lt )*) ® <>L 
= E^«) ® ■ • • ® ^K,-u)Mn«4)* ® • • • ® viwt^y) ® 0t 

Hence 

((*„ ® id) o p n )(a) 

= ® • • • ® ^K.-u))«(^K fe tl )* ® • • • ® v«- 13 y) ® ( l0 *A° 1) 

®<^ s . 
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On the other hand, 



(pn+i ° hi){a) = p n+ i(a® (1° x A o 1)) 

= ® ' * ' ® ^K.-iinM^J* ® • • • ® ^K*U J*) ® 

= £(?«) ® ■ ■ ■ ® ® • • • ® ^«- ltn )*) 

® (1 xi A c l)e(^lt„) ® 

= {{in <g> id) o p n ){a) 

since lOj*^ = S{u]j tn ). Therefore, we obtain the conclusion. □ 



By Lemma 17.31 the inductive limit of {(p n ,?n)} is a homomorphism of B to 
B (g> H°. Furthermore, by Lemma [7.21 it is a coaction of H° on B. We denote it 
by p. 

Proposition 7.4. With the above notations, p is approximately representable. 

Proof. Let u be a unitary element in B 00 <E) H° defined by u — (it n ), where A n is 
regarded as C*-subalgebra of B for any n £ N. We can easily show that p and u 
hold the following conditions: 

(1) p{x) = (Ad(w) o Pff ){x) for any x e 5, 

(2) (« ® l°)(pfT ® id)(«j = (id <g> A°){u), 

(3) (p 00 <g> id)(u)(u ® 1°) = (id ® A°)(u). 

Therefore, we obtain the conclusion. □ 



Proposition 7.5. With the above notations, p has the Rohlin property. 

Proof. By Corollarv l6.41 it suffices to show that there is a projection p £ B M such 
that e - p oo p = i. For any n € N, let 

p n = (1° X A o 1) ® • • • (1° X A o 1) ® (r Xl A o 1) € n An. 

Also, let p = {p n ). Then clearly p is a projection in Boo. In order to show that 
e ■ p oc p — i, we have only to show that e - Pn p n — -k for any ngN. We note that 
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where the summation is taken under all indices. Hence since e = ~N w qq> 

& ' p n Pn 

= E ® n^K*J) ® • • • ® n^L^-^L^j) 

= E ® ^« J2 ^« tl )) ® ••• ® ^«_ M „_^«_ ltn _j) 

= E f ® ^«,^« tl )) ® • • • ® v^L^-^L^J) 

®y(^_ i3 .)(rx 4 „ i)?(s«._J) 

= E |( l0 *a° i) ® ^«, 2 5« JX )) ® ^«, 2 5« tl )) ® • • • 

® ^«- a in-i 5 «-l*»- 2 )) ® ^«-u)( T 1)^(5^^)), 

where the summations are taken under all indices. Doing this in the same way as 
in the above for n — 1 times, we can obtain that 

e >„ Pn = Y, 77( l0 *A" 1) ® ••• ® (1° XAO 1) ® *A° IJ^^Ki^J) 

= E77( l0 I)®'"® (1° *A° 1) ® ([t0i„_ij n _i 'A T] *A» 1) 

= (1° x A o 1) ® • • • ® (1° xi A " 1) ® ([e -a<> T ] >«a<> 1) 

= (1° X A o 1) ® • • • (g) (1° XI A o 1) (g)T(i)T(2)(e)(l° Xi A o 1) 
= ^(1° XA» 1) ® ■ • • <8 (1° XJ A o 1), 

where the summations are taken under all indices. Therefore, we obtain the con- 
clusion. □ 



8. 1-COHOMOLOGY VANISHING THEOREM 

Let p be a coaction of H° on A with the Rohlin property. In this section, we 
shall show that for any coaction a of H° on A which is exterior equivalent to p, 
there is a unitary element x € A ® 77° such that a — AA(x <E> 1°) o po Ad(x*). 

Let p and ct be as above. Since p and a are exterior equivalent, there is a unitary 
element u€ 4® if satisfying the following conditions. 
(8, 1) a = Ad{v) o p, 

(8, 2) (v l°)(p (8) idflo)(«) = (id ® A°)(w). 

Since /? has the Rohlin property, there is a unitary element w in (A y\ a H) <S> H 
satisfying Equations (5, l)-(5, 3) for p. By Proposition 15.41 a has also the Rohlin 
property. Hence there is a unitary element w\ G (A » a H)<EiH satisfying Equations 
(5, l)-(5, 3) for a. By Lemma 1531 Wi(t) — w(t). 

Let x = N(id®e)(vp oc, (w(T))) = Nv\e {1) )[e (2 ) - p « u?(r)]. 

Lemma 8.1. With the above notations, the element x is a unitary element in A°° 
such that p°°(a;) =v*(x® 1°). 
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Proof. Let / = e. Then by Lemmas 15.31 and 15.51 

xx* = 7V 2 v(e (1) )[e (2) - p <*> w(r)][/ (2) - p oo u;(r)]*w(/ (1) )* 
- N 2 v{e {1) )[e m w(r)}[S(f (2) r - p » ^(r)]v(/ (1) )* 

= N 2 v(e (1) )(l x p e w )w(r)(l x p S(e (3) ))(l x, 5(/ ( * 3) ))^(r)(l x p / ( * 2) )«(/ ( i))* 

= 7V 2 £(e (1) )(l x p e (2) )w(T)r(e (3) / ( * 3) )(l x P f* 2) )v(f(i))* 

= N 2 v(e {1) )(l x (9 e (2) )w(T)(l x p S , (e ( 3 ) )e ( 4 ) / ( * 2) )T(e ( 5 ) / ( * 3) )v(/ (1) )* 

= N 2 v{e (1) ){l X p e (2) )w(r)(l x^(e (3) ))T(e (4) / ( * 2) )t;(/ (1) )* 

= N 2 v(e (1) )(l X p e (2) )£(r)(l x p % (3) ))«* (5(/ ( i))*)r(e (4) / ( * 2) ) 

= A^(e ( i))(l x p e (2) )™(r)(l x p 5( e(3) ))^(S(5(e (4) ) e(5) / ( * 1) ))r(e (6) / ( * } ) 

= N 2 d(e {1) )(l x p e (2) )w(T)(l X p % (3) ))u*(e (4) )T(e (5) /) 

= M;(e (1) )(l x p e (2) )w(r)(l x p S(e (3) ))v* (e (4) ) 

= AT(id® e)(^({u(r)K) 

= 7V[e - CT oo S£( r )] = 1. 

Let y = N(id ® e)(v*a QC (wT(t))) = iYu*(e (1 ))[e( 2) ' ff =c SJl(r)]. Then by the above 
discussions, yy* = 1. On the other hand, by Lemmas 15.51 and 15.61 

y* = N[S(e* i2) ) «;(r)](?(5(e^)) = JVfc(S(efo))[S(e (3) )* «?(r)]??*(5(e^))t;(5(. 
= AT«( 1 S( e ^ ) ))[5(e (1) )* - p oo £(r)] = N(id ® S(e)*)(V°(tZ;(T))) = x. 

Thus a;*a; = 1. Hence a; is a unitary element in A°°. Finally, we shall show that 
p°°(x) = v*(x®l°). Noting that (v ® l°)(p ® id)(u) = (id® A°)(u), 

p°°(:c) = iVp°°((id ® e)(vp°°(«;(T)))) 

= iV((id ® id^o ® e) o (p°° ® id K o))(vp°°({y(r))) 

= iV(id ® id ff o ® e)((p°° ® id H o)(v)((p°° ® id ff o) o p°°)(w(r))) 

= JV(id ® id ff0 ® e)((v* ® l°)(id ® A°)(«)((id ® A ) o p°°)(w(t)))) 

= iVw*(id ® id H o ® e)((id ® A°)(vp°°{w(t)))) 

= iVw*(id ® e)(vp°°(w(T))) ® 1° 

= u*(a;® 1°). 

□ 

Lemma 8.2. With the above notations, for any e > there is a unitary element 
Xq in A such that 

\\v-(x ®l)p(x* )\ \ < e. 

Proof. By Lemma 18.11 there is a unitary element x g A°° such that v = [x ® 
l )p°°(a;*). Since a: is a unitary element in ^4°°, for any e > 0, there is a unitary 
element xq E A such that \\v — (xq ® 1)p(xq)|| < e. □ 

Theorem 8.3. Let p and a be coactions of H on A which are exterior equivalent. 
We suppose that p has the Rohlin property. Then there is a unitary element x G A 
such that 

a = kd{x ® 1°) o p o Ad(x*). 

Proof. Let v be a unitary element in A(g)H° satisfying Equations (8, 1) and (8, 2). 
By Lemma 18.21 there is a unitary element xq £ A such that 

||« — (as ® 1)/>(x5)|| < 1. 
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Let 

pi = Ad(x <8 1) o p o Ad(x* ) = Ad((x ® l°)p(x* )) o p. 
Let i>i = (a;o <8 l°)p(a;o)- Then pi is a coaction of if on A. Also, cr = Ad(«u*) o p x . 
Let i> 2 = vv\ . Then v 2 is a unitary element in A (8 iJ° with 

||u 2 - l|| = || v - Wl || = || v - (x ® l°)p(a?3)|j < 1. 
Furthermore, since v\ = (xq <8 1 )p(x^), 

(v 2 <8 l°)(pi <8 id)(u 2 ) = (ua ® l°)(ui ® l°)(p <8 id)(u 2 )(t>J <8 1°) 
= (u<8l°)(p<8id)(?; 2 )«<8l ) 
= («®l°)(p®id)(i;)(p® id) («!)(«; ® 1°) 
= (id<8A°)(u)(p<8id)K)K<8l°) 
= (id <8 A°)(«a)(id <8 A )(« x )(p <8 id)(vJ)(t;J ® 1°) 
= (id ® A°)(« 2 )(x ® 1° <8> l°)((id ® A ) o p)(arg) 
x ((p <8 id) o p)(a?o)(p(a?o) ® l°)(p(aJo) ® 1°)K ® 1° ® 1°) 
= (id <8 A°){v 2 )(x <8 1° <8 l°)((p <8 id) o p)(x*a;o)K ® l0 ® l0 ) 
= (id® A )(wa). 

Thus (u 2 <8 l°)(pi <8 id)(u 2 ) = (id^ <8 A°)(u 2 ). Let y = (id A <8 e)(u 2 ). Then 

pi(y) = (id^ <8 id ff o ® e)((pi <8 id ff o)(« 2 )) 

= (id A ® id H o (gi e)((^ l°)(id A ® A°)(« 2 )) 

= «|[(id A ®e)(« 2 )(8l ] =«| (i/®l ). 

Since ||1 — y|| = ||(id A (8 e)(l — u 2 )|| < ||1 — « 2 || < 1, y is invertible. Let y — x\y\ 
be the polar decomposition of y. Then a; is a unitary element in A and 

Pi(y) = v* 2 (y ® 1°) = v* 2 (x ® l°)(|y| ® 1°). 

Hence 

p 1 (x)p 1 (|y|)=« 2 *(x®l°)(|y|®l ). 

Also, 

v) = (y* ® l°)ua« 2 (y ® l) = y*y <8 l. 
Thus pi(\y\) = \y\ (8 1°. Hence p x {x) = v$(x (8 1°). It follows that 

Ad(x (8 1°) o pi o Ad(x*) = Ad((i ® l°)pi(x*)) o p! 

= Ad(v 2 ) ° Pi 
= Ad(i>) o p = cr. 

Since pi = Ad(xo <8 1°) o p o Ad(a?o), we obtain the conclusion. □ 

9. 2-COHOMOLOGY VANISHING THEOREM 

Let (p, u) be a twisted coaction of H° on A with the Rohlin property. Let w be 
a unitary element in (A°° x p °° lU H) (8 -ff satisfying Equation (5, l)-(5, 3) and let 
w be the unitary element in Hom(iJ°, A°° x p «> u -ff) induced by u>. In this section, 
we shall show that there is a unitary element x E A® H° such that 

(x (8 l°)(p (8 id)(x)u(id (8 A°)(x*) = 1 (8 1° ® 1°. 

We recall that in Section [31 we construct a system of matrix units of Mjv(C), 

{(Wj *?1°)(1 V 1 Xf^)(^ *pl°)}/,JeA 

which is in contained in A°° x p =. u if, where Wj — \fdk ^p,u for any I = 
k) £ A. By Lemmas 15.31 and 16.11 we obtain the following lemma. 
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Lemma 9.1. With the above notations and assumptions, {M^*w(t)Wj}/,j £ a is a 
system of matrix units of Mn(C), which is contained in A°° x] p °o jU H. 

Proof. By the proof of Lemma 13. 11 for any / = k), J — (s, t, r) G A, 

*2,*3 ,33 

Hence by Lemma I5T51 and [TUl Theorem 2.2], 

ffi(T)lf;W}«(r)= £ V / 4ir(4^)?(<^ 3 ,< s ) t J(r). 

*2,*3 J3 

If k 7^ r or j 7^ t, then w(r) W/VFJu^r) = 0. We suppose that k = r and j = t. 
w(t)WiW}w(t) = X! u*(^ t3 S(w* 3t2 ),wi s )w(T) = e(wt)w(r) = 5 ls vd(r), 

t2,*3 

where Si S is the Kronecker delta. Thus for any K, L,I,Je A, 

Wkw{t)WiWjW[t)W l = 
if I 7^ J. We suppose that I = J. Then since u;(t)W/WjU>(t) = w(r), 

Furthermore, 

^ VK/wMiy/VF/wMiy/ = Wfw{r)Wi = 1 
ieA ieA 

by Lemma 16. 11 Therefore we obtain the conclusion. □ 

We suppose that the C*-Hopf algebra H° acts on a unital C*-algebra C trivially. 
Then by the discussions before Lemma l9Tl the set {(W * z x a1°)(1 x 1xat)(Woj »a 
l°)}/,JeA is a system of matrix units of C x if x A iJ° which is isomorphic to Mjy(C), 
where Wo/ = \Mt * G C x fi for any I — (i,j,k) G A. Thus we obtain the 
following homomorphism 9 of C x if Xa -ff into u if. For any I, J G A, 

e((W *j xa 1°)(1 x 1 x A t)(W 0J x a 1°)) = VF/w(r)Wj. 
Lemma 9.2. FFif/i i/ie above notations, for any h G H , 

0(1 x ft) = ^ 4(1 x P ,u iyy)*{y(r)(l x PjU u;^/i). 

Proof. Let ft. be any element in H. Then by Lemma 16. 11 

1 * h = J2( Wi ™ a * 1 * a * a * ^ *a 1°) 

zeA 

= ^4(1«,' x A l°)*(l x 1 x A r)(lx«^x A l ). 

i,j,k 

Since {u^} is a system of comatrix units of if, for any k there are elements 
(cijYst e C such that w%h = EL(4)st<f Hence 

1^= E 4(4-)I t (lx<-x A l°)*(lxlx A r)(lx< i x A l°). 

i ,j,k,s,t,r 
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Thus by the definition of 9, 

9(1 xh)= ]T d k (4) r st (l x p ,„ 0*w(r)(l x p ,„ < t ) 

i,j,k 

□ 

The restriction of 9 to 1 xi H , the C*-subalgebra of C x H xia -ff is a homomor- 
phism of H to A 00 xi p oo )U /f. Hence there is a unitary element w G x pOC U H)<E)H° 
such that = We recall the definitions V and V. Let V be a linear map 

from H to A xt p u H defined by V(h) = 1 x ft „ /i for any h £ H and let V - be the 
element in (A x p , u H) <E> H° induced by V. Then V and V are unitary elements in 
(A x p u H) ® if and Hom(77, ^4 x p „ if), respectively. Let i be a unitary element 
in {A°° n p oo >u H) ® #° defined by x = vF*. 

Lemma 9.3. W^it/i i/ie afeoue notations, x(h) £ A 00 for any h £ H . 
Proof. By Lemma T9. 21 and [TOl Theorem 2.2], for any h £ H, 
x(h) = v(h il) )V(S(h* (2) ))* 

= 4(1 x p , u )*w(t)(1 x PtU x p ,„ S^fya))*)* 

X (u(^(3),S'(/l(4))*)* >«p, u S , (/l(2))) 

x P ,u w^w^h^iuihl^Sih^)*)* X p , u 5(ft (3 ))) 

i,3,k,ji,j2,j4,ii 

x p , u 5(to^ 4 )wf u - fya) ) («* (5(/i (4 ) ) , /i( 5 ) ) x p ,„ 5 (/i (3) ) ) 

= Yl «*- 2 . <i) >,« w(r)]S«* j4 , «& h (1) ) x p , n fe (a) ) 

X (S*(S'(h(4)),/l( S )) Xp,„% 3 ))) 

E d *^(^i 2 '^ii)[™i a *j»V,^ 
X [/l( 2 ) >,u U*(5'(^(7))>(8))]w( ft -(3) ; 'S'( /l (6))) * p,u h(4)S(h^) 

i,k,ji,j2,33,34 
X [/l( 2 ) •p,«U*(S , (/l (5 )),ft,( 6 ))]u(ft, (3) ,S'(/l(4 ) )). 

Furthermore, using the Equations (1) and (2) in Section [5J we can see that for any 
h£H, 

x(h) = d *?( w hto> w jii)[ w hh >.« w{T)]u(w k ; H ,w k lH h). 

i,k,jl,32,j3,34 

Since to**^ >,« u>(t) 6 ^4°° for any j 2 , J3, fe, we obtain the conclusion. □ 
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By the above lemma, we can see that £ is a unitary element in A°°<S>H°. We recall 
that p I ^ p ' v,H is the trivial coaction oiH° on Ax pu H defined by p I ^ l> ' uH (a) — a®l° 
for any a £ A X PiU H. Also, we note that p — Ad(V) o p J ^jt P ' uH by [SJ Lemma 3.12], 
where we regard A as a C*-subalgebra of A x p . u H. Furthermore, since v is a 
homomorphism of H to A°° Xp°°,« H . 

(u®l )(p^r ><pOO ' uH ' O id)(«) - (id® A°)(t>). 
Proposition 9.4. FKii/i ifte above notations, 

(x ® l°)(p°° ® id)(s)u(id ® A°)(a;*) = 1 ® 1° ® 1°. 
Proof. Since a; = and p = Ad(V^) o pt^ p ' uIi , 
® id) (a:*) (a?* ® l°)(id ® A ) (a;) 
= (p 00 ® id)(W)(W ® l°)(id ® A°)(«V*) 

= (y ® l°)(/4r ® id)(W)(i;* ® l°)(id ® A°)(«V*). 

Since (»® l°)(p£" p °°- uH ®id)(«) = (id® A )(«), 

(p°° ® id)(ar*)(a:* ® l°)(id ® A°)(a:) = (V® l°)(/4o p '" ff ® id)(V)(id ® A°)(V*) = u 
by P Lemma 3.12]. □ 

We recall that {^-} is a system of matrix units of H°. 

Lemma 9.5. Let (p,u) be a twisted coaction of H on A with the Rohlin property. 
Then for any e > 0, there is a unitary element x £ A ® H° satisfying that 

l°)(/9®id)(a;)u(id® A ) (a:*) -1® 1°® 1°|| < e 

||x- 1® 1° 1 1 < e + L\\u- 1® 1°® 1°||, 

where 

i = max{ Y, d k\\V(w^r\\\\V(wl jW l t JV%wl lt )\\,l} 

i,j,k,t,r,ti Mdi 

Proof. Modifying the proof of Izumi [4, Lemma 3.12], we shall prove this lemma. 
By Proposition [93J there is a unitary element xq 6 A°° ® H° satisfying that 

(x ® l°)(p°° ® id)(xo)ii(id ® A°){x* Q ) = 1 ® 1° ® 1°. 

By the proof of Lemma \9. 31 for any h € i?, 

= ^4V > K-)^(r)t>(4/ l(1) )y*(ft (2) ). 

Thus 

x = £ 4^(<)^(r)F(<< tl )f>*K lt )®^. 

i,j,k,s,t,r,ti 

Since Ei,i,fe4^K^)*^)^K^) = 1 by LemmaiU 

1 ® 1° = Y d k V{w^rw{r)V{w^)V{w r stl )V*{w r tlt ) ® # t . 

Thus 

a;o-l®l = Y 4^(<)^W^K< t J-n<.)F(< t J]t/*K lt )®C t - 
Since u = (V ® l°)(p^o p '" ff ® id)(V)(id ® A°)(V*) by 6, Lemma 3.12], 

?K-)?K tl ) = ^s« ) < t2 )y« j < tl ) 

31 1*2 
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for any k, s, t\, r. Hence 

^0-1®!°= E ^^(4)^( r )[<<) e Kt 2 )- s (4 1 '<*J] 

i,j,k,s,t,r,ti : t2 ,ji 

Since \\e{w* n )e{w r st2 ) - uiw^^w^JW < ||1 ® 1° <8> 1° - u\ \ for any i,ji,k,s,t 2 ,r, 
||x -1®1®1°||< £ 4||^K-)llll^(4i<tx)^Kt)ll 

i,j,k,s,t,r,ti,t2,ji 
X l°(g)l -tt||. 

Since xo is a unitary element in ^4°° (X) we can choose a desired unitary element 
x in A® H°. □ 

Theorem 9.6. Let (p, it) be a twisted coaction of a finite dimensional C*-Hopf 
algebra H° on a unital C* -algebra A with the Rohlin property. Then there is a 
unitary element x G A ® H°such that 

(x ® l°)(p ® id)(x)it(id (gs A°)(ar*) = 1 ® 1° ® 1°. 

Proof. We shall prove this lemma modifying the proof of jU Lemma 3.12]. Let 
uq = u and po = p. By Lemma 1931 for wr, there is a unitary element yo <G A ® 
such that 

||l®l ®l°-(y (»l )(p ®id)(j/oH(id® A )(2/*)|| <^<\- 

Let 

Pi = Ad(zjo) o p , Ul = (y $ l°)(p <g> id)(y )uo(id ® A°)(z/*). 
Then since (pi, ui) is a twisted coaction of if on which is exterior equivalent to 
(po,ito), by Proposition 15.41 (p-\ . m ) has the Rohlin property. Thus by Lemma l9~5l 
for (2L,) 2 ' there is a unitary element y\ € A ® iJ° such that 

||1 ® 1° ® 1° - (j/i ® l°)(p! ® id)(yi)wi(id ® A°)(j/*)|| < < 1 

l| yi -i^i ll<^ + i|K-i^i^i°ll<^ + i<^ + i = | 

since u x = (y ® l°)(po ® id)(y )M (id ® A°)(^). Let 

p 2 = Ad(yi) o pi, m 2 = (j/j ® l°)(p 1 ® id)(yi)ui(id ® A°)( yi ). 

Then since (p2, U2) is a twisted coaction of on A which is exterior equivalent to 
(pi,ui), by Proposition 15.41 (po. uo) has the Rohlin property. Thus by Lemma 19.51 

I2IF = 



for (2 l, 3 , there is a unitary element yi S A ® H° such that 



|[1 ® 1° O 1° - (ift O l°)(pa ® id(ift,)t*2(id ® A°)(v5)|| < < i 

It follows that by induction that there are sequences {(p n , u n )} of twisted coactions 
of H° on A and {y n } of unitary elements in A® H° satisfying that for any n € N. 

||l®l° l°- u „||<-J--<i- ||l®l°-2/„||< ' ' :>> 



(21,) n 2™' 11 a " 2" +1 2™ 2 n+1 ' 

Let x„ = y n y n -i ■■■yo £ A® If for any n € NU{0}. Then unitary element 

in A ® 7?° satisfying that 

m„+i = (i„ «) l°)(p <g> id)(a; n )u (id ® A°)«) 

28 



for any eNU {0} by routine computations. Furthermore, 

1 1 ti„ - 1 ® 1° ® 1°|| < — >0 (n — > +oo) 

Also, since by easy computations, we see that {x n } is a Cauchy sequence, there is a 
unitary element x G A® H° such that x n — > x (n — ► +oo). Therefore, we obtain 
that 

1 ® 1° ® 1° = (x <g> l°)(p ® id)(x)u(id ® A°)(x*). 

□ 



10. Approximately unitary equivalence of coactions 

Let p be a coaction of iJ° on A with the Rohlin property. Let w be a unitary 
element in (A x p H) <E) H satisfying Equations (5, l)-(5, 3) for p. Let (pi,u) be 
a twisted coaction H° on A which is exterior equivalent to p. Let v be a unitary 
element in A ® ff° satisfying Conditions (1), (2) in Definition 12.21 that is, 

(1) pi = Ad{v)op, 

(2) u = (v ® l)(p ® id)(«)(id ® A)(«*). 

By Proposition 15.41 (p\ , u) has the Rohlin property. Let w\ be a unitary element 
in (A xi Pl , M H) ® H satisfying Equations (5, l)-(5, 3) for p\. By Lemma [531 
w(t) = wI(t). Let 

x = N(id® e)(vp°°(w(T))) = Au(e (1) )[e (2) - p oo w{t)]. 

We have the following lemma which is similar to Lemma 18. II 

Lemma 10.1. With the above notations and assumptions, x is a unitary element 
in A°°. 

Proof. In the same way as in the proof of Lemma 18.11 we can see that xx* = 1. 
Next wc shall show that x*x = 1. Let / = e. 

x*x = N 2 [e {2 ) w(T)]*d(e (1) )*v(f (1) )[f {2) - p oc w(t)] 
= N 2 [S(e* (2) ) w(T)]v*(S(e (1) r)v(f { i))[f(2) w(t)] 
= iV 2 V(S(e^))£(T)F*(%^ 

= N 2 V(S(el 3) ))w(r)(l x p e^v* (S(efo))fr(/ (1) )(1 x p f ( 2))w(r)V*(f (3) ) 

= N 2 V(S(el 4) ))w(r)([el 2) - p v*(S(e* (1) ))d(f {1) )} x p e* (3) f {2) )w(r)V*(f {3) ) 

= N 2 V(S(e* (4) ))[e* {2) - p ^(^(e^ 1) )H/ (1) )]r(e^ 3) / (2) )^(r)fi (/ (3) ) 

= ^^(^(e^))^) - p f*(S'(e* 1) ))w(S'(e*3 ) )e* 4) / (1) )]r(e( 5) / ( 2))w(r)V r *(/ ( 3 ) ) 

= A 2 T/(5(e^))^ 2) - p ^(5( e ( 1) )H5( e ^))]r( e ^ 4) / (1) )^(r)fi(/ (2) ) 

= N 2 V(S(e* (7) ))[e* {2) •„ ^(^(e^ 1) )R^(e^3 ) ))]r(e^ 4) / (1) )^(r)fi(^(e^ ) )e^ ) / (2) ) 

= N 2 V(S(el 6) ))[e* {2) - p ^(5( e ^ ) )H5( e ^ ) ))]r( e ^ 4) /)^(r)fi(5( e ^ ) )) 

= iVnS(e[ 5) ))[e[ 2) ■ p1 T*(5(e^ ) ))t;(5(e^ ) ))]«;(r)t^(5(e^ ) )) 

= ^(e^) >°° [e* 2) ■p^(S , (e(i)))u(5(e( 3) ))]t«(r)]. 
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Let E p °° be the conditional expectation from A°° onto (A p )°°. Then since e = 

L-<i.k N ""mi 

£7""(i*a:) = / x*x = N[fS(e* {i) ) [efo - p ^(5( e ^))«(5(e^))]w(r)] 
= #[/ -p- [e* 2) > v*(S(e* (1) ))v(S(e* i3) ))}w(T)] 
= E d fc [/-p-[< lV ^(^(<))W< i ))]«;(r)] 

= AT[/ >oc e(e)w(T)] - iV[/ w(r)] = 1 

by Lemma T5.6I Since i? p °° is faithful, we obtain the conclusion. □ 

Definition 10.1. Coactions /? and a of on A are approximately unitarily equiv- 
alent if there is a unitary element v € eg) 7J° such that 

a(a) = vp(a)v* 

for any a E A. 

Let p and cr be coactions of H° on A which are approximately unitarily equiva- 
lent. Then there is a unitary element v in A°° ® if such that <j(a) = vp(a)v* for 
any a € A. We write u = (v n ), where v n is a unitary element in A. Then since 
a(id® e°)(w) = (id<g>e°)(t;)a for any a £ A, (id®e°)(v) is a unitary element in A^. 
Let z = (id ® e°)(f) and w = v(z* ® 1°). Then w is a unitary element in A°° ® ff° 
and 

wp(a)w* = (8) l )p(a)(z ® l°)u* = up(a)u* = cr(a) 

for any a E A. Furthermore, (id e = zz* = 1. Hence if we write w = (w n ), 
where w n is a unitary element in A ® if , then u>„ = u„((id £§> e°)(v*) £§> 1°). Thus 
(id ® e)(w n ) = 1- Therefore, we may assume that (id <g) e°)(v n ) — 1 for any n E N. 
We shall show the following lemma. 

Lemma 10.2. Let a and p be coactions of H° on A. We suppose that p has the 
Rohlin property and that a is approximately unitary equivalent to p. Then for each 
finite subset F of A and any positive number e > ; there is a unitary element 
x £ A such that 

\\<j(a) - (Ad(x ® 1°) o po Ad(x*))(a)|| < e, 

\\xa — ax\\ < e + L max | \a([S(w k ■) - p a]) — p([S(w k i ) - p a})\\ 

i,3,k 

for any a E F, where L = J2i,j,k dk\\id <8> «^||. 

We shall prove this lemma by showing a series of several lemmas. Since p and 
a are approximately unitarily equivalent, there is a unitary element vq 6 A°° ® H° 
such that <r(a) = vop(a)vQ for any a € A Let F be any finite subset of A and e any 
positive number. Then there is a unitary element v € A® i?° with (id£g>e°)(v) = 1 
such that 

||er(a) — vp(a)v*\\ < e, 

\W[S(v%) v a]) - wp([S(«;£) *(7 o]K|| < e, 

||<7([5K^.)>a])-M^K-)>«]KII<e 
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for any a € F and i,j = 1, 2, . . . , dk, k = 1, 2, . . . , K. Let x = N(id<3e)(vp°°(w(T))). 
Let pi = Ad(u) o p and u = (v ® l°)( i o ® id) (u) (id ® A )(w*). Then is a 

twisted coaction of 7?° on A which is exterior equivalent to p. Hence by Lemma 
110.11 a; is a unitary element in A 00 . 

Lemma 10.3. With the above notations and assumptions, for any a G F, 
\\p(x)(x* <gi l°)vp(a) - TV (id <» e)((p <g> id)(«)(id ® A )(p OT (w(r))u*))o-(a>|| < ATe. 
Proof. We note that 

x = A(id ® e)(«p 00 (w(T))) = ^ d fc (id (8) tfl&)(«p°°(w(T))) 

= gd fe £(<4)[™£ .„« «j(t)]. 

Also, =iV[e (1) - p oo {o(r)]t?(e ( 2)) since x = AT (id <g> S(e*))(up°°(u;(r))). Then by 
Lemma 15.31 for any h(E H, 

(p(x)(x* ® l°)vp(a))(h) = [h {1) - p oo a;]a;*«(/i( 2 ))[/i(3) - p a] 

= AT^dfcltyi) •p«K fc i)][ /l (2)^ l -p- u5(r)][e (1) w(t)]v* (e {2) )v(h i3) )[h {4) - p a] 

i,j,k 

i)j,k,t 
X ??(/l(4))[ft(5) p a] 

= JV J] >«K#(^)4)'«W( 1 ^^(/i(3)^)e(i))u?(r)^(e (2) )?r*(e ( 3)) 

i,j,k,t 

x «(ft(4))[ft(5) > a] 

= JV ^ d fe [/i (1) v «(m^)]y(/i (2)U ;^T(5(/ l( 3)W t fe l ) e(1) )w(T)f ; ( e(2) ) i r*(e ( 3)) 

i,j,k,t 
X «(ft(4))[/l(5) > a] 

= N J2 d kl h W >^K-j)]^(^(2)^ t )^(r)^(^(3)^« 1 5(^(4)< t2 )e (2) ) 

i,j,k,t,ti ,£2 

x 7"(5(/i( 5 )^ 3i )e (1 ))u i (e(3))53'(/i (6 ))[/i( 7 ) - p a] 

= JV £ d fc [/i (1) •p«(4)]\>(ft (2) ^Jw(r)r*(/ l(3) ^ t Jr(5(/ l(4) < l )e (1) )zr*( e(2) ) 
x «(/i( 5 ))[fy 6 ) -p a] 

= iV £ d fc [/i (1) -p«K^]^(/i( 2 )^ t )w(r)f ; (/ l( 3 ) ^ tl ) 
i,j,k,t,ti ,i2,*a 

x J*(/i ( 4 ) u>f lt2 S , (/i (5) u> t fe 2t3 )e (2) )r(S'(/i (6) wf 3 Je ( i ) )v(/?, (7) )[/i (8) - p a] 

= JV ^ 4[/l(l) > ^0]^(M W it)^( T )^( ft (3)^« I )^*( /l (4)<t 2 ) 
i,j,k,t,t\ ,t2 

x T(S(h (5) w^ 2i )e)v{h {6) )[h ir) - p a] 

= d *[tyl) >«(<)]^(^(2)^J^(T)^(ft(3)^)^(ft (4 )< i H/l (5) )[/l W -pa] 

= ^ >?(4)][^(2)4i P 00 ^( r )] U *( /l (3) w M)w( /l (4))[^(5) -pO]. 

i,j,k,ti 
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Thus 



p{x)(x* ® l°)vp(a) = d k (id ® u;£)((p® id)(v)(id ® A°)(p°° (u;(r))u*))up(a) 
= N(id <g> e)((p ® id)(v)(id ® A )(p°°(w(T)K))i;p(a). 

Hence 

||/o(af)(aj* <8> l°)vp(a) - N(id ® e)((p ® id)(w)(id ® A )(p 00 (io(r))v*))(T(a)t;|| 
= JV||(id <g> e)((p O id)(v)(id ® A )(p oo (w(T))i>*))(wp(a) - cr(a)v)|| 
< AT|M a ) - cr(a)w|| = iV||wp(a)w* - a(a)\\ < Ne. 

□ 

Lemma 10.4. With the above notations and assumptions, for any a e F, 
\\N(id O e)((p O id)(v)(id O A )(p oo ({«(r))i;*)) C r(a)w 

- rf fe( id ® w«)((P ® id)(^)(id ® A )(p oo (w(r))p([5(^) - CT o]K))«|| < Le, 

w/iere L = 4 1 |id <g> u?£ 1 1 . 

Proo/. Since e = E a #^». 

7V(id® e)((p® id)(u)(id <g> A°)(p°°(w;(T))w*))cr(a)w 
= ]T d k (id ® u;*)((p <8> id)(«)(id <8> A°)(p oc («;(T))i;*)) ( T( a )«. 

Thus for any h ^ H 

[TV (id ® e)((p ® id) (v) (id ® A°)(p°° (w(r))v*))<7(a)t;]>) 

= ^ d fe [/i(i) ■ p v{w^)][h {2) w k jtl - p oo «J(r)]tJ i (/i( 3 )«; t *i i )[/i(4) a a]u(/i (5 )) 

ij, Ml 

= 51 rffe ^(!) > v(Wij)][h(2)W*l tl - p oo w(r)]tr*(fc ( 3 )Wt fe it2 )[/i (4) e(u;f 2l ) - CT a]v(fy 6) ) 

i,j,k,ti,t 2 

i,j,k,t 1 ,t 2 ,t 3 
X [ h (4) W t 2 t 3 'a [5(<i) ' cr a]]v(/l (5) ). 

Thus 

7V(id <g) e)((p <g> id)(v)(id ® A )(p oo (w(T))w*))cr(a)i; 

= ^ 4(id®O((p®id)(«)(id®A )(p 00 (^(T)K ( T([^« 4 ). ff a])))t;. 

i,i 3 ,fc 
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Hence 

||JV(id ® e)((p® id)(«)(id ® A )( /9 oo ({?(r))w*)) C r(a)w 

- ^ 4(id®<)((p®id)(t;)(id®A )(p oo (z«(r))p([5(< J ). ff o]K)>|| 

= || £ d fc (id ® <)((p ® id)(v)(id ® A°)(p~(«;(r))[t;V([SK fc si ) ■„ a]) 

i,t3,k 

-p([S(<i)-° a])v*))v\\ 

< £ 4||id®<|||| U V([5K J ). CT a])-p([^). CT a]K|| 

< 4||id®wf t3 ||e < ie. 

□ 

Lemma 10.5. With the above notations and assumptions, for any a e A, 
£ d fc (id ® <-)((P ® id)(«)(id ® A )(p°°(w(r))p([S(w^) - a a]v*))v 
= p(a)p°°(x){x* ® 1>. 
Proof. We shall show the above equation by routine computations. For any h g if 
[]T 4(id ® <)((p ® id)(«)(id ® A )(p oo (^(r))p([5« J ) ■„ aK)H» 

i,t 3 ,fc 

= d fc[tyi) >«K*)][^(2)^ tl >~ u?(T)][/i (3) < t2 - p '(t a]] 

*>i>fc>*l 1*2, *3 

X «r*(/l(4)<t 3 )^( /l (5)) 

= £ d *[V) V"K')H fe (2)4i2 >~ w(r)[5(w; t fe 3l ) ■ (j a]]v*{h m w k t2t3 )v{h (i) ) 

i,j,k,t 2 ,t 3 

= d ^ h W ■pvi^MH^k >~ ■* o]w{T)}v*(h {3) w k 2t3 )v(h {i) ) 

i,j,k,t 2 ,t 3 

= dk hi) -p v( w ij)[ w h >~ [^K fc 3l ) ■* a}w(T)]}v*(h {2) wl t3 )v{h {3) ) 

i,j,k,t 2 ,t 3 

= dk ^W -P v( W ij)i W jh -P i S ( W U •* o]]«t 2 V» ^W]]^(^(2)<t 3 ) 

i,j,k,t 2 ,t 3 ,ji 

X «C»(3)) 

i,j,k,t 2 ,t 3 ,ji 
X «C»(3)) 

= £ > a a]«( W ^)[^ lt2 -poo «J(T)]]^(/» ( 2)< t3 )w(/» ( 3)) 

j,k,t 2 ,t 3 ,j! 

= d k [h (1) ■ p av{w k \ in )[w k jit2 - p =o u}(r)]]^(/i (2) w; t fe 2t3 )?;(/i ( 3 ) ) 

k,t 2 ,t 3 ,ji 

= Y d k\ h W > a P(2) >^( u, L-i)][ /l (3) u; jit2 >™ w(r)]]7r*(/i (4) w; t fc 2t3 H/i (5) ). 
k,t 2 ,t 3 ,ji 
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On the other hand by Lemma [531 for any h £ H, 



[p{a)p°°{x){x* <g> l°)v](h) = [h(i) - P a][h (2) - p oc x]x*v(h (3) ) 

= Nj2 d k[h(i) >aP(2) ■ P v{w'[ j )}[h {3) w>j i v == w(r)][e (1) >00 w(t)]v* (e {2) )v(h (4) ) 

i,j,k 

= N d *>[h(i) >a][/i(2) >^)M''(3)'"-, 1 )iii(T)(l x (9 S , (/i (4) ^ ll ))(l x p e (1) ) 
x w(r)^*(e (2) )w*(e (3) )w(/i (5) ) 

= JV ^ d k [h {1) - p a][h {2) • p wK^]^(^(3)^J^(5(/i(4)< I )e(i)Rr)f ; (e (2) ) 

i,j,k,ii 
x ^*(e (3) )w(/i (5) ) 

= iV 51 rffe ^(i) >°P(2) ■ P ^ j )]V{h {3) w^Jw(T)T(S(h {6) wl i )e (1) ) 

i,j,k,ii ,12,13 

X t7 I (^(4)< l2 ^(^(5)< l3 ) e (2))^( e (3)M^(7)) 

= iV d k[ h (i) - P o][h( 2 ) -p^^Vih^w^Jwi^TiSih^Wi^ew) 

i,j,k,ii ,i2 

x V*{h {A) w k ili2 )v*{e {2) )v{h {6) ) 



= n J2 d ki h a) ■p'Alhv ■ P ^ w ij)]y^) w k)^( T ) v *(hi) w ii2) 

x T(5(^(7)wf 1 Je (1) )^(/i (5) wf 2t S'(/i (6) w t fe tl )e (2) )w(/ ) , (8) ) 

= N ^[^(1) > a P(2) •P^)]^(^(3)^ 1 )^W^(^(4)< I2 ) 

i,j,k,ii ,«2 

x T(S(/i (6) <4)e)tT*(/i (5) ^^ (7) ) 

= ^] dfc[fe(i) >aP(2) P«(^)]^(^(3)^Jw(T)V r *(/i ( 4)wf ll Jw*(/i (5) wf 2t ) 
= Y d k[h(i) - P a][h m - p v(w^)][h (3) w^ 2 - p =o id(T)]i? (h (4) w^ t )d(h {5) ). 

j,k,ii,i 2 ,t 

Therefore, we obtain the conclusion. □ 

Lemma 10.6. With the above notations and assumptions, for any a e F, 
\\xa -ax\\< Le + L max | \a([S(w^) - p a}) - p([S(w^) - p a])\\, 

% i3-,k 

where L = £\ ^ d k \\id(g> 1 1 . 
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Proof. For any a G F 
xax* = N^dkviwij^Wji ■ p ^ w(r)]a[e (1) - p0 o w(t)]v* (e (2) ) 

= 7V d k v{w^)V(w 3n )w(T)(l x p S(wlMa >*p e {1) )w(T)^(e {2) )v*{e (3) ) 

i,j,k,ii 

= N d k ^w%)V{ Wjil )w{r){[S{w k i2i )- p a] x p S(w k ii2 )e w )w(r)V*(e {2) ) 

i,j,k,ii,i 2 

x v*{e {3) ) 

= N ]T d k v(w^)V(w 3n )[S(wl t ) ■„ a}r(S(w k li2 )e w )w(r)V*(e {2) )v*(e {3) ) 

i,j,k,ii,i 2 
i,j,k,i± ,Z2)t;ti 

x ^(5 , « J2 )e (1) )iT*(e (3) ) 

i,j,k ,ii,Z2)i 

^iV ^ 4^4)^K- l J[5(<J>a]w(r)yi< t )r(5(< J2 ) e(1) ) 
x^( Wt fe s 5( Ws fe Si )e (2) ) 

i,j,k,ii,Z2,t,s 

= Y -pa]w(r)fi« t )^«) 

i,j,k,ii ,i2,t 

= Y d^Ww^w^lSiw^) ■„ a}V*(w k lt )v*(w k i2 ) 

i,j,k,ii ,i2,t 

= Y d k {id^w k i2 )(vp^(w(r))p([S(w k 2i )- p a})v*). 

Hence 

Hzaz* - X! ^(id^O^^WKadSKj v o]))|| 

= || ]T d k (id®w k l2 )(vp™(w(T))lp(lS(w k 2i ) - p a])v* -v*a([S(w k 2i ) .„a])])|| 

< £ dfc||id®<|| ||/>([S«) >a]K -«V([S« 4 ) v a])])|| 

< ^ rf fe ||id®^ i2 ||e = Le 

i.k.ii 

Furthermore, 

Y d k (id®w k i2 ){vp™{w{T))v*p{[S{w k 2i ) . p a])) 

i.k.ii 

i,fc,«2,t 

= ^4(^(^(r))«*K^)a-iV(id®e)(wp 00 (w(T))w*)a. 
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We recall that p 1 = Ad(u)°P, u = (w®l°)(p(g)id)(v)(id(g) A°)(t!*) and that (pi,u) 
is a twisted coaction of H° on A which is exterior equivalent to p. Then by Lemmas 
1531 and EH 

JV(id ® e)(vp°°(«7(r))t;*) = iV[e . piitl «;(t)] = 1. 

Hence 

J] d*(id® <)( W p~(™(r)) W V([S(<J p a])) = a. 

It follows that 

||xaa;* — <x|| 

= \\xax* - d k (iA®wi 2 ){vp^(w{r))v*a([S{w k l2i ) - p a]))\\ 
+ J2 d k (id®w^(vp°°(w(T))v*a([S(w<t 2l ) - p a])) 
d k (id®w^(vp™(w(T))v*p({S(wi; 2 A- p a}))\\ 
<Le+J2 4||id® <|| M[S(wf 2l ) -p a]) - p( ■„ a])\\ 

< Le + ^d fe ||id®^||max||<T([5(^) ■„ a]) - p([S(w^) - p a])\\ 

< Le + Lmax\\a([S(w%) ■„ a]) - p{[S(w%) >0 ])||, 

where L = ^ ■ ■ k d k \\id(S> wfj | | . Then we obtain the conclusion. □ 

By Lemmas 1T031 1T0H 11031 and MM we obtain Lemma UIH] We note that the 
constant positive number L in the above proofs, does not depend on coactions p 
and a but depends on only H°. Also, we note that if a coaction p of H° on A has 
the Rohlin property, then a coaction (a ® id) o p o aT 1 of H° on A has also the 
Rohlin property for any automorphism a of A. 

Theorem 10.7. Let A be a separable unital C* -algebra and let p and a be coactions 
of a finite dimensional C*-Hopf algebra H° on A with the Rohlin property . We 
suppose that p and a are approximately unitarily equivalent. Then there is an 
approximately inner automorphism 9 such that 

a = (6® id) o po e^ 1 . 

Proof. We shall show this theorem in the same strategy as in the proof of [U 
Theorem 3.5]. We choose an increasing family {F n }%L of finite subsets of A whose 
union is dense in A. By induction using Lemma [10.2l we can construct an increasing 
family {G„}^ of finite subsets of A whose union is dense in A, a sequence {x n } 
of unitary elements in A and a family of coactions pi ni o~2 n +i, n = 0,1,2,..., of 
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H° on A satisfying the following conditions: 

PO = P, <Tl = <J 

P2n+2 = Ad(x 2n ® 1°) O p 2n o Ad(x2„), n = 0, 1, 2, . . . , 
o- 2 n+i = Ad(x 2n _i 1°) o a 2n -i o Ad(ar2 n _ 1 ), » = 1, 2, . . . , 
FL = (J [£«) v 2n+1 F 2 „], n = 0, 1, . . . , 

F 2n +i = U I 5 ^) F2 "+!]' n = 0, 1, • • • , 
Go = F U Fq 1 

G 2n +i = G2n U F2„+i U F 2n+1 , n = 0, 1, . . . , 

G2n+2 = G2ri+1 U F2 n +2 U F 2 1 „ +2 , Jl = 0, 1, . . . , 

||o2„ + i(a) -/> 2n+2 (a)|| < 22^, a€G 2n , n = 0,l,..., 

||o-2«+3(a) - P2n+2(a)\ \ < 2 2» +1 : a G G 2 n+i; 71 = 0,1,..., 

||a;2n+ia - aa; 2 n+i|| < 22 » +1 + £max||p 2n+2 ([S(w£-) • CT2 „ +1 a]) 

2 + L 

-c 2n +i([(^y) v 2n+1 a])|| < -^r-, a £ G 2n , n = 0, 1,..., 

||a; 2 „a- aa; 2 „|| < ^ + Lmas ||cr 2n+1 ([£(u;^) - P2 „ a]) 

2 + L 

- ft»([S(4) a l)ll < ^TT' aeG 2 „-i, n=l,2..., 

In the same way as in the proof of [H Theorem 3.5], we can obtain the conclusion. 

□ 

In the rest of this section, we shall study coactions having the Rohlin property 
of a finite dimensional C*-Hopf algebra on a UHF-algebra of type iV°°. Let A be 
a UHF-algebra of type iV°°. Let M„(C) be the n x n-matrix algebra over C and 
{fij} a system of matrix units of M n (C). 

Lemma 10.8. Let p be a unital homomorphism of A to A® M„(C) and p* the 
homomorphism of Kq(A) to K$(A ® M„(C)) induced by p. Then p*{[-^r]) = ^[tot] 
for any I eN U {0}. 

Proof. Since p(l) = l®I n , /J*([l]) = [1® J„] = n[l®/n] = n[l]. Hence Np*([]j]) = 
p*([l]) = n[l]. Since Kq(A) = Z[^] is torsion-free, p*{[jf]) = n[^}. □ 

Lemma 10.9. Let p be a unital homomorphism of A to A® M n (C). Then there 
is a sequence {uk} of unitary elements in A® M n (C) such that for any x £ A 

p(x) = lim Uk(x <g> I n )ut- 

k— too 

Proof. Modifying the proof of Blackadar [1, 7.7 Exercises and Problems] we can 
prove this lemma. Let {Ak} be a increasing sequence of full matrix algebras over 
C with UkAk = A. Let {ey} be a system of matrix units of Ak- Since A has the 
cancellation property, by Lemma [10.81 p(en) ~ en ® I n in A ® M n (C). Hence 
there is a partial isometry w £ A® M„(C) such that 

w*w = En, ww * = /°( e n)j 

where Eij = ® I n for any Let Uk — Yli p{ e n) w Eu- Then Uk is a unitary 
element in A ® M„(C) by easy computations. Let x € Ak- Then we can write 
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that x — j Kj^ij, where G C. Hence by easy computations, we can see 
that p{x) = Uk{x ® I n )u* k . Since UkAk = A, we obtain that for any x G A, 
p{x) = linifc-^oo Uk(x ® I n )u* k by routine computations. □ 

Lemma 10.10. Let p be a unital homomorphism of A to A® H° , where H is a 
finite dimensional C* -algebras. Then there is a sequence {uk} of unitary elements 
in A® H° such that for any x G A 

p(x) = lim Uk{x®l)u k . 

k— >oo 

Proof. Let {pi} be a family of minimal central projections in H°. For any I and 
x G A, let 

pi(x) = p(x)(l®pi). 

Then by Lemma [10.91 there is a sequence {u k ^} of unitary elements in A ® piH° 
such that pi{x) = lim/ £ _ i . 00 u k l \x ® pijuf* for any x G A. Let = ®iu k '. Then we 
can see that {uk} is a desired sequence by easy computations. □ 

Corollary 10.11. Let H be a finite dimensional C*-Hopf algebra with dimension 
N and let A be a UHF-algebra of type N 00 . Let p be a coaction of H° on A with 
the Rohlin property constructed in Section [7| Then for any coaction a of H° on 
A with the Rohlin property, there is an approximately inner automorphism 9 of A 
such that 

a = (6 <S> id) o p o 0- 1 . 

Proof. By Lemma 110.101 a is approximately unitarily equivalent to p. Hence by 
Theorem 110.71 we obtain the conclusion. □ 

11. Appendix 

In the previous paper [8] > we introduced the Rohlin property for weak coactions 
of a finite dimensional C*-Hopf algebra on a unital C*-algebra. In this section, we 
shall show that if there is a weak coaction with the Rohlin property in the sense 
of [5] of a finite dimensional C*-Hopf algebra H on a unital C*-algcbra A, then H 
is commutative. Recall that a weak coaction p of H on A has the Rohlin property 
in the sense of [5] if there is a monomorphism 7r of H into A^ such that for any 
h G H, p°°(Tr(h)) — Tr(h^) (g) /i( 2 ). Let {w^} be a system of comatrix units of H. 

Lemma 11.1. With the above notations, (H <gi l)A(_ff ) = H g3 H . 

Proof. For any i, j, k, A(u>^) = J2t w u ® w tj- Since ^ w^ t *w^ s = 
any k by [101 Theorem 2.2, 2], we can obtain that 

® = Y w * w ™ ® w % = 1 ® w tj- 

i i,s 

Thus we obtain the conclusion. □ 

Lemma 11.2. With the above notations, let p be a weak coaction of H on A with 
the Rohlin property in the sense of [8]. Then (A ® l)p(A) = A® H . 

Proof. Since p has the Rohlin property in the sense of [5] , there is a monomorphism 
7T of H into Aoo. First, we show that (A 00 ® l)p 00 (A 00 ) = A 00 ® if. Since p°° o tt = 
(7r ® id) o A, 

(vr(iJ) ® l)p°°{ir{H)) = (w(H) ® 1)(tt ® id)(A(iJ)) 

= (tt <g> id)((# ® l)A(if)) = tt(£0 ® # 




:i,x 



by Lemma [TTTTJ Since 1 <g) u>£. G 7r(if) <g) if, 1 <g> to£ € (A°° <g) l)p°°(.A°°). Thus 
we can see that (^°° (g) l^ 00 ^ 00 ) = y4°° ® if. For any x e A® H, there are 
oi, . . . , a„, &i, . . . fr„ G such that a; = X)"=i( a i ® l)/ 900 ^*)- That is, 

n 
i=l 

where <Zj = (aj; ), &; = (fr^) and ajj fe ' , &^ € A for any k, i. Hence x G (A ® l)p(A). 

□ 

Proposition 11.3. ie£ p be a weak coaction of H on A with the Rohlin property 
in the sense of [8] cmd 7r a monomorphism of H to A^. Then p°°(jr(H)) C (A ® 
if)'n (A°°<g>if). 

Proof. Let a, 6 G A and /i G if. Then 

p°°(7r(/i))(a ® l)p(6) = (tt(/i (1) ) <g> /i (2) )(a ® l)p(6) - (a7r(/i (1) ) <g> /i (2 ))p(&) 

= (a <g> l)p 00 ( 7 r(/ l ))p(fe) = (a ® l)p°°(7r(/i)6) 

= (a®l)p(&)p°°(7r(/0). 

Therefore we obtain the conclusion by Lemma lll.2l □ 

Proposition 11.4. Let p be a weak coaction of if on A with the Rohlin property. 
Let x be any element in A® if. Then for any h G if, (1 ® h)x = x(l ® h). 

Proof. Let ir be a monomorphism of if into ^4oo such that p°°(7r(/i)) = 7r(/i(i))<8>/i(2) 
for any h £ H. By the proof of Lemma Til. 21 we can see that 

1 <g> if c 7r(if) <g> if = (?r(if) ® l)p°°(7r(if)). 

Hence it suffices to show that for any h £ H, 

(1) (tt(/i) <g) l)ac = x(7r(/i) <g> 1), 

(2) p™{TT{h))x = X P °°{-K{h)). 

Indeed, since x G A ® if and 7r(/i) commute with any element in A for any ft, G if , 
we obtain (1). Also, we can obtain (2) by Proposition II 1.31 □ 

Corollary 11.5. Let A be a unital C* -algebra and if a finite dimensional C*-Hopf 
algebra. Lf there is a weak coaction of if on A with the Rohlin property in the sense 
of [8] , then if is commutative. 

Proof. This is immediate by Proposition 1 1 1 .41 □ 
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